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Abstract 

The purpose of this paper is to study the boundedness of operators of the form 

f^i^ix) I fMx))K{t)dt, 

where 74 (x) is a C°° function defined on a neighborhood of the origin in {t, a;) G X K", satisfying 
70 (a;) = a;, 1/) is a cutoff function supported on a small neighborhood of £ ffi", and if is a 
"multi-parameter singular kernel" supported on a small neighborhood of £ M^. We also study 
associated maximal operators. The goal is, given an appropriate class of kernels K, to give conditions 
on 7 such that every operator of the above form is bounded on L'' (1 < p < 00). The case when 
K is a. Calderon-Zygmund kernel was studied by Christ, Nagel, Stein, and Wainger; we generalize 
their work to the case when K is (for instance) given by a "product kernel." Even when K is a. 
Calderon-Zygmund kernel, our methods yield some new results. This is the second paper in a three 
part series. The first paper deals with the case p — 2, while the third paper deals with the special 
case when 7 is real analytic. 

1 Introduction 

The goal of this paper is to prove the boundedness of (a special case of) the multi-parameter singular 
Radon transforms introduced in [Strllbj . We consider operators of the form 



T{f){x) = ^P{x) j f{-it{x))K{t) dt, (LI) 

where is a, cut off function (supported near, say, G M"), 74 (x) — 7 (t, a;) is a C°° function 
defined on a neighborhood of the origin in M.^ x M" satisfying 70 (x) = x, and K is a "multi-parameter" 
distribution kernel, supported near in M.^ . For instance, one could take fsT to be a "product kernel" 
supported near Ol\ To define this notion, suppose we have decomposed — M^^ x • • • x M.^" , and 
write t = {ti, . . . ,ti,) e x • • ■ x R^'^. A product kernel satisfies 

\d^^' ■ ■ ■ dl^K {t)\ < liir^^^-i"^! • • • li.r'^'^-i"-! , 

along with certain "cancellation conditions. 'H The goal is to develop conditions on 7 such that T 
is bounded on (I < p < 00). In addition, we will prove (under the same conditions on 7) 
boundedness (1 < p < 00) for the corresponding maximal operator. 



Mfix)^ij{x) sup / \f{jt{x))\dti---dU 



♦Partially supported by NSF DMS-0901040. 
t Partially supported by NSF DMS-0802587. 

^Our main theorem applies to classes of kernels other than product kernels. 

^The simplest example of a product kernel is given by K {ti, . . . ,t,^) = Ki (ti) (8 ■ ■ ■ C>5 K,^ {ti^), where Ki, . . . , 
are standard Calderon-Zygmund kernels. That is, Kj satisfies | S".^ -Kj (t ^ ) j < |ij I , again along with certain 

"cancellation conditions." When v = 1, the class of product kernels is precisely the class of Calderon-Zygmund kernels. 
See Section 16 of IStrllbl for the statement of the cancellation conditions. We do not make them precise in this paper, 
since we will be working with more general kernels K. 
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where a > is some small number depending on 7. In fact, the boundedness of JV[ will be a step 
towards proving the boundedness of T. 

This paper is the second in a three part series. The first paper in the series |Strllb) dealt with 
the theory, and applied to a larger class of kernels than the results in this paper do (see Section [2] 
for a discussion). However, all of the examples we have in mind (and in particular all of the examples 
discussed in |Strllb| ) do fall under the theory discussed in this paper. An result from [Strllb] will 
serve as one of the main technical lemmas of this paper. The third paper in the series [SSllb] deals with 
the special case when 7 is assumed to be real- analytic. In this case many of the assumptions from this 
paper take a much simpler form, and some of our results can be improved. See [SSllaj for an overview 
of the series. 

For a more detailed introduction to the operators defined in this paper, we refer the reader to 
[Strllbj . which discusses special motivating cases, and gives a number of examples. 

Remark 1.1. The results in this paper generalize the boundedness results from the work (in the 
single-parameter setting, when i^T is a Calderon-Zygmund kernel) of Christ, Nagel, Stein, and Wainger 
[CNS W99] . In fact, as discussed in I Strllbj . the results in this paper generalize the boundedness 
results in |CNSW99] even if one considers only the single parameter setting. The major difficulty that 
this paper deals with, which did not appear in |CNS W99) . is that (unlike the single-parameter setting) 
there is no relevant Calderon-Zygmund theory to fall back on. At least not a priori. See Remark l5.5l and 
Section [15] for further details. What can be used instead is the idea of controlling operators by square 
functions; a procedure that has appeared a number of times before. See, for instance, |FS821 INS04) . 



1.1 Informal statement of the main results 

In this section, we informally state the special case of our main results when K [ti, . . . , t^) is a product 
kernel relative to the decomposition = x • • • x M^" (see the introduction for this notion). We 
suppose we are given a C°° function, 7 (t, x) = 7* (x) S defined on a small neighborhood of the origin 
in (t, x) G M.^ X R", satisfying 70 (x) = x. For t sufficiently small, 74 is a diffeomorphism onto its image. 
Thus, it makes sense to write 7^"^, the inverse mapping. We define the vector field 



W{t,x)^^ 
ae 



let o 7t ^ (x) G 



For a collection of vector fields V, let V (V) denote the involutive distribution generated by V. I.e., 
the smallest C°° module containing V and such that if X,Y e V (V) then [X,Y] e V{V). For a 
multi-index a £ N^, write a — (ai, . . . , a^), with G N^''. 

Decompose W into a Taylor series in the t variable, 

a 

We call a = (ai, . . . , a^) € a pure power if 7^ for precisely one /x. Otherwise, we call it a 
non-pure power. 

We assume that the following conditions hold "uniformly" for S = {Si, . . . ,6,^) G (0, 1]"^, though we 
defer making this notion of uniform precise to Section |4l 

• For every S G (0, 1]'', 

Vs V ■ ■ •'5i"'''^ai,...,Q„ : (ai, ...,«!.) is a pure powerj^ 

is finitely generated as a C°° module, uniformly in 6. 

• For every S G (0, 1]", 

WiSih,...,S,U) G Vs, 

uniformly in S. 
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Remark 1.2. If it were not for the "uniform" aspect of the above assumptions, they would be independent 
of d. Thus it is the uniform part, which we have not made precise, that is the heart of the above 
assumptions. 

Our main theorems are, 

Theorem 1.3. Under the above assumptions (which are made precise in Section^, the operator given 
by 

f^^lj{x) J f{jt{x))K{t) dt, 

is bounded on (1 < p < oo), for every product kernel K {ti, . . . ,t^), with sufficiently small support, 
provided tjj has sufficiently small support. 

Theorem 1.4. Under the same assumptions, the maximal operator given by 

f^'ljj{x) sup / \f {lS^t^....,S^tAx))\ dt 

0<(5i,...,5„<<l J|tl<l 

is bounded on (1 < p < oo). 

The precise statement of our main result (where more general kernels are considered) can be found 
in Theorems EH [El and [HI 



2 Kernels 

In this section, we will discuss the classes of kernels K (t) for which we will study operators of the form 
(|l.ip . The kernels which we study will be supported in (a) = {x € : \x\ < a}, where a > is 
some small number to be chosen later (depending on 7). Fix G N, we will be studying ly parameter 
operators. Fix 1 < iJ-o l£ i^, and define, 

^Mo = {5 = (<Si, . . . , <5,) G [0, 1]'' : < <5^„+i < • • • < <5.} • 

The class of kernels we define will depend on /io (by depending on Af_ig ) . In [Strllb] , the class of kernels 
depended on a subset A Q [0, 1]'^ . In that paper, one could use any subset A such that if 61, 62 S A, then 
diW 82 & A (where 5i V 82 is given by taking the coordinatewise maximum of 5i and 82). In this paper, 
we restrict our attention to A of the form A^j.^ for some /zqE This is the only difference between the 
setting in |Strllb| and the setting in this paper. Notice, A^ = [0, 1]" and Ai — {81 < 82 < ■ ■ ■ < 8„}] 
these make up the principle examples we are interested in. 

We suppose we are given ;/-parameter dilations on R^. That is, we are given e = (ei, . . . , cn), with 
each ^ ej = (e], . . . , ej) e [0, 00)". For 8 G [0, 00)" and i = (ti, . . . , tw) e M^, we define0 

8t^{8-Hi,...,8-'^tN), (2.1) 

thereby obtaining j/-parameter dilations on K^. For each n, I < ^J. < f, let denote those coordinates 
tj of t = (ti, . . . ,tAr) e such that ^ 0. For j = (ji, . . e Z", define 2^ = {2i\ . . . ,2^-). 
The class of distributions we will define depends on N, a, e, /iq, and v. Define, 

- log2 A^, - {j G N"- : 2--'" e } = {j e N-" : j^, > > • ■ • > j.} . 

Given a function (; on M^, and j (1 W, define, 

<;(20 (t) = 2^-^i+-+J-^"<r(2J'i) . 

Note that is defined in such a way that, 

J ^(20(t) dt = J ^t) dt. 

^Actually, this is not the most general form of A. that can be handled by our methods. See Section 1141 for further 
details. 

is defined by standard multi-index notation: S'^^ = <5,/ . 



3 



Definition 2.1. Wc define K, — K. {N, e, a, /io, ly) to be tlie set of all distributions, K, of the form 

- 10g2 A^g 

where {"^jljg- lotr^ >t ^ (")) ^ bounded set, satisfying 

y (t) dt^ = 0, 

unless — OT fi > fiQ and = J^i-i- It was shown in [Strllbj that any sum of the form (|2.2p 
converges in the sense of distributions. 

See [Strllbj for a more in-depth discussion of the class fC. 

Remark 2.2. If each Cj is non-zero in only one component, kernels in IC{N^e^a,i'^v) are known as 
"product kernels," and kernels in IC {N, e, a, 1, i') are known as "flag kernels." The classes we study here 
are more general: we do not insist that each Cj are nonzero in only one component, and we allow for 
any 1 < Hq < i^- See |Strllb| for a further discussion of these issues. 



3 Multi-parameter Carnot-Caratheodory geometry 



At the heart of the definition of the class of 7 which we will study lies multi-parameter Carnot- 
Caratheodory geometry. Thus, before we can even define the class of 7, it is necessary to review 
the relevant definitions of multi-parameter Carnot-Caratheodory balls. We defer the theorems we will 
use to deal with these balls to Section [T) Our main reference for Carnot-Caratheodory geometry is 
[Strlla] , and we refer the reader there for a more detailed discussion. 

Let C M" be a fixed open set, and suppose Xi, . . . , Xq are C°° vector fields on Q.. We define the 
Carnot-Caratheodory ball of unit radius, centered at xo G fi, with respect to the list X by 



Bx {xq) := {y(in 



37: [0,1] 7(0)^X0,7 (1) = ?/, 

7' it) = j2 aj {t) X, (7 it)) , a, e ([0, 1]) , 



< 1 




L-([04]) 

Now that we have the definition of balls with unit radius, we may define (multi-parameter) balls of 
any radius merely by scaling the vector fields. To do so, we assign to each vector field, Xj, a (multi- 
parameter) formal degree ^ dj = (dj, . . . , dj) € [0, 00)'^ . For S = {di, . . . ,6^) G [0, 00)'', we define the 
list of vector fields SX to be the list [6'^'^Xi , . . . , 5'^''Xq^ . Here, S'^^ is defined by the standard multi-index 

notation: S'''^ = 11^=1 V • We define the ball of radius 6 centered at G by 

B(x.d) {xo,S) := Bsx (xo) ■ 

At times, it will be convenient to assume that the ball B(^x,d) {xq,5) lies "inside" of Xl. To this end, 
we make the following definition. 

Definition 3.1. Given xo G and fi' C fi, we say the list of vector fields X satisfies C [xq, Vl') if for 
every a = (ai, . . . ,a,) G (L°° ([0, 1]))', with 



lll«lll 



i°°([0,l]) 




< 1, 



L°=([0,1]) 
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there exists a solution 7 : [0, 1] ^> J7' to the ODE 

i=i 

Note, by Gronwah's inequahty, when this solution exists, it is unique. Similarly, we say {X, d) satisfies 
C (xo, 5, Vt') if 5X satisfies C (xq, Vl'). 

One of the main points of |Strlla| was to provide a detailed study of the balls B(^x,d) {^o, (5), under 
appropriate conditions on the list {X, d). To do this, we first need to pick a subset A C [0, 1]'', and a 
compact set Kq (e O. We will (essentially) be restricting our attention to those balls B(^x,d) (2^0, 5) such 
that xq G Kq and 5 € A. One should think of ^ = A^^^ for some /uq, as that case will be the primary 
one used in this paper. 

Definition 3.2. We say {X,d) satisfies 'D{K[),A) if the following holds: 

• Take SI' with A'o d SI' d SI and ^ > such that for every 5 & A and x e Xq, {X,d) satisfies 

c(x,C(5, n'). 

• For every 5 ^ A and x G Kq, we assume 

[6'^X^,, S'^X,] = ^f^^^'-Xk, on (x, ^5) . 

k 

• For every ordered multi-index a we assum^ 



sup 

xeKo 



C0(B(x,d)(^,«<5)) 



If we wish to be explicit about S7' and ^, we write T) {Kq, A, S7', ^). 

It is under condition 'D{Ko,A) that the balls B(^x,d) {x,S) were studied in [Strlla] . We refer the 
reader to Section [7] for an overview of the theorems from [Strlla] that we shall use. 

In what follows, we will not be directly given a list of vector fields with formal degrees satisfying 
T^iKo^A), 

{Xl,dl) , . . . , {Xq, dq) , 

but, rather, we will be given a list of C°° vector fields with formal degrees which we will assume to 
"generate" such a list. 

To understand this, let (Xi,di) , . . . , {Xr,dr) be C°° vector fields with associated formal degrees 
^ e [0, 00)". For a list L = (Zi, . . . , 1^) where 1 < Ij < r, we define, 

Xl - ad (X/J ad (Xi,) • • ■ ad {Xi„^_,) Xi^, 
dL ^ di^ + di.^ -\ h . 

We define S = {{Xl, dL) : L is any such list} . 

Definition 3.3. We say S is finitely generated or that {Xi, di), . . . , {Xr, dr) generates a finite list if 
there exists finite subset, J-" C 5, such that satisfies V {Kq, A]^ and 

{Xj,d/)eJ^, l<j<r. 

If we enumerate the vector fields in 

^We write ||/||(j0((7) = sup^gjy |/ {x)\, and if we say the norm is finite, we mean (in addition) tfiat / is continuous on 
®Here, we are thinking of Kq and A. fixed. 
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we say that {Xi, di) , . . . , {Xr, dr) generates the finite list {Xi, di) , . . . , (Xq, dq). Note that, if S is 
finitely generated, (Xi, di) , . . . (X^, dr) could generate many different finite lists. However, if we let 
{X,d) and (X',cZ') be two different such lists then either choice will work for our purposes. In fact, 
it is shown in |Strllb| that (X, d) and {X\ d') are equivalent in a sense that is made precise and 
discussed at length in that paper. It follows that, in every place we use these notions, it will not 
make a difference which finite list we use. Thus, we will unambiguously say "(Xi, di) , . . . , (X^, d^) 
generates the finite list [Xi.di) , . . . , [Xq, dq)," to mean that {Xi,di) , . . . , {X^, dr) generates a finite list 
and {Xi, c?i) , . . . , {Xq, dq) can be any such list. 



4 Surfaces 

In this section, we define the class of 7 for which we will study operators of the form (jl.ip . This is 
nothing but a reprise of the definitions in [Strllbj . and we refer the reader there for more details. 

We assume we are given an open subset C , a fixed /xq, 1 < /io < i^, and dilations e as in 
Sectional 

Definition 4.1. Given a multi-index a G N^, we define 

N 

deg (a) — ^ ajej € [0, 00)'^ . 

Let Kq <e il' (e il" ^ be subsets of fl with Kq compact and fl' and fl" open but relatively compact 
in ^l. Our goal in this section is to define a class of C°° functions 

j{t,x) : (p) X f7" 

such that 7 (0,a;) = x. Here p > is a small number. This class of functions will depend on /ip, N , 
e, and VL (nominally, the class will also depend on Kq, fi', and fi", but this will not be an essential 
point). This class will be such that if t/; is a function supported in the interior of Ki^, then there 
is an a > sufficiently small such that the operator given by ()l.ip is bounded on (1 < p < 00) for 
every K ^ K {N, e, a, /zq, v). 

Note, by possibly shrinking p > we may assume that, for each t S (p), 7 [t, ■) is a diffeo- 
morphism onto its image. From now on we will assume this. Also, as in the introduction, we will write 

7t (a;) = 7(^,a;)■ 
Unlike the work in |CNSW99] . we separate the condition on 74 into two aspects. For the first, 
suppose we are given a list of C°° vector fields on fi', Xi,. . . ,Xq, with associated i/-parameter formal 
degrees, di, . . . dq, satisfying V {Kq, Afj,Q,fl', £,) for some ^ > (we will see later where these vector fields 
will come from). 



Definition 4.2. Suppose we are given a C°° vector field on f]', depending smoothly on f e B^ (p), 
W {t, x) e Txft'. We say {X, d) controls W {t, x) if there exists a pi < p and ti < ^ such that for every 
xq e Kq, S e A^ig there exist functions c^°' on B^ (pi) x B(^x,d) {xq,ti5) satisfying 

• W (St, x) = Yl=i cf {t, x) 5'^'Xi (x) on (pi) x Bf^x.d) {xa, tiS), where St is defined as in (l2Tl . 



(<5X)"9fcr'^ 



< 00, for every m. 

Cn(B"(pi)xB(x,d)(^o,n'5)) 



Definition 4.3. We say {X,d) controls jt (x) if {X,d) controls W where 

let ° It^ {x) . 



Wit,x) = l 



Here, e (ii, . . . , tjv) = (rfi, ■ • ■ , rijv), and so is unrelated to the dilations e. 
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Part of our assumption will be that a particular family of vector fields {X,d) controls jt- Where 
these vector fields come from constitutes the other part of our assumption on 7. 

Let W be as in Definition 14.31 Let Xa {x) be the Taylor coefficients of W when the Taylor series is 
taken in the t variable: 

W{t,x)^ f'X^ix), (4.1) 

|a|>0 

so that Xa is a C°° vector field on il'. 

Our assumption on 74 is that if we take the set of vector fields with formal degrees: 

S = {{Xa, deg {a}) : deg {a) is non-zero in only one component} , (4-2) 

then there is a finite subset C S such that generates a finite list {X,d) = (Xi,di) , . . . , {Xq,dq) 
and this finite list controls 74. 

Remark 4.4. The list of vector fields {X, d) depends on a few choices we have made in the above: it 
depends on the chosen finite subset T and it depends on the chosen list generated by J^. However, 
neither of these choices affects {X, d) in an essential way. This is discussed in detail in [Strllbj . 



5 Statement of Results 

Fix n C M" open, and Kq (e f2' (e 51" d $1 with Kq compact (with nonempty interior) and ft' and fl" 
open but relatively compact in 57. Let 

-f{t,x) : (p) xQ" 

be a C°° function such that 7 (0, x) = x. Here, p > is a small number. 

Fix G N positive, and /io, 1 < Mo < i'- Furthermore, let e = (ei, . . . , cn) be given, with Cj £ 
[0,00)"^. We suppose 7 satisfies the assumptions of Section |4] with this Kq, /iq, and e. 

Theorem 5.1. For every G (R") supported in the interior of Kq, there exists a > such that for 
every K ^ K, (N, e, a, fiQ, v) the operator 

f^^{x)j f(^t{x))K{t) dt 

extends to a bounded operator U' (M") (M" ), for every 1 < p < 00. 

Actually, as shown in |Strllb) , Theorem 15 . 1 1 follows directly from the following, slightly more general, 
theorem. 

Theorem 5.2. There exists a > such that for every ipi,ip2 G (R") supported on the interior of 
Kq, every K £ IC {N, e, a, /io, i^) and every C°° function 

K {t, x) : (a) X 57" ^ C 

the operator 

Tf (x) = V^i (x) [ f (7t {x)) ^2 {it {x)) K {t, x) K {t) dt 



extends to a bounded operator U' (M") — >■ (M") for every \ < p < 00. 



Remark 5.3. We focus on the more general Theorem 15.21 The importance of the form of the operator 
in Theorem l5.2l is that the class of operators is closed under taking adjoints, which is not true of the 
class of operators in Theorem 15. II See Section 12.3 of jStrllbj for the proof of this. 

We also study maximal functions. Define, for ^1,^2 G (R"), supported on the interior of Kq 
with tpi > 0, 

Mf{x)^ sup i!i{x) j \f {ist{x))'4'2{l5t{x))\ dt, 

iJe^no J\t\<a 

where a > is a fixed, small real number (this should be considered as the same a as in Theorem 
Then, we have, 
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Theorem 5.4. Under the same assumptions as Theorem \5.S\ 



for every \ < p < oo. 

Most of the paper will be devoted to exhibiting the proofs of Theorems 15.21 and 15.41 in the case when 
/iQ = V. That is, when = [0, l]"^- This case contains all the main ideas, but allows for simpler 
notation. We then describe the modifications needed to attack the more general situation in Section [T4l 

Remark 5.5. A major difficulty in the proofs of Theorems 15.21 and 15.41 is. there is no appropriate a 
priori multi-parameter theory analogous to the standard theory of Calderon-Zygmund singular integrals 
to fall back on. Indeed, in the single parameter [v — 1) case, one can "smooth out" the operators in 
question enough to apply the standard Calderon-Zygmund theory and obtain some estimates (see 
Section 18 of [CNSW99J). To get around this issue, we will use square function techniques, that will 
allow us to introduce the Calderon-Zygmund theory in a more round about manner. Once Theorem 
15.21 is proved, we will actually obtain, a posteriori, a prototype for some aspects of a multi-parameter 
Calderon-Zygmund type theory. See Section [T51 

Remark 5.6. While the maximal results in this paper are new, the class of 7 we consider was more 
motivated by Theorem 15 . 21 than by Theorem l5.4l Indeed, we will see in Section [16] that there are choices 
of 7 where the boundedness of the singular integral fails, but the L'p boundedness of the maximal 
function holds. We have not attempted to state Theorem l5.4l in such a way to include these choices. This 
deficiency will be partially rectified in [SSTTb]. Indeed, in jSSllb] . we will obtain the following result. 
Let 7t (x) : x MJf R" be a real analytic function defined on a neighborhood of (0, 0) G x M", 
and satisfying 70 {x) = x; assuming no additional hypotheses. Define a maximal operator by, 

Mf {x) ^ sup i^ix) I \f {lSttt.,...,SNtN dt. 

<5=(<5i,...,5jv)e[0,l]" "'|t|<a 

Then, Ai is bounded on (1 < P £ oo), provided ip is supported on a sufficiently small neighborhood 
of 0, and a is sufficiently small. Note that this result is clearly not a special case of Theorem 15.41 See, 
also, [SSllaj for a further discussion of this point. 

6 Basic Notation 

Throughout the paper, for v — (wi, . . . S R", we write \v\ for bjl^^ , and we write \v\^ for 
supj \vj\. B"' (77) will denote the ball of radius 77 > in the |-| norm. For two numbers a,6 G M we write 
aV6 for the maximum of a and b and aAb for the minimum. If instead, a = (ai , . . . , a„) , 6 = (61 , . . . , 6„) S 
M", we write a V 6 (respectively, aAb) for (ai V 61, . . . , a„ V 6„) (respectively, (ai A 61, . . . , a„ A 6„)). 

For a vectors 5 = {5i, . . . ,6,^) ,d = {di, . . . , d,y) G M'', we define 5'^ by the standard multi-index 
notation. I.e., S'' = Hj^^i ^t'^ ■ Also we wiU write 2'* = {2'^\ . . . , 2'*-). 

Given a, possibly arbitrary, set U C R" and a continuous function / defined on a neighborhood of 
U , we write 

WfWcHU)^ E sup|9,"/(x)|, 

and if we state that ||/||,7j((7) is finite, we mean that the partial derivatives up to order j of / exist on 
U, are continuous, and the above norm is finite. If / is replaced by a vector field Y = ak (x) dx^, 
then we write, 

ll^llc^(;7) = E W'^kWc^U] ■ 
k 

Given a matrix A, we write \\A\\ for the usual operator norm. Given two integers 1 < m < n, we let 
X (m, n) denote the set of all lists of integers (zi, . . . , im) such that 

1 < ii < i2 < ■ ■ ■ < im < n. 
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Furthermore, suppose A is an n x g matrix, and suppose 1 < no < n Aq. For / G I (no, n), J e I (no, q) 
we let Aj^j denote the no x no matrix given by taking the rows from A which are hsted in / and the 
columns from A which are listed in J. We define 



det A = (detA/^j)7gx( ), 

JeI(no,g) 

SO that, in particular, det„„xno ^ is a vector (it will not be important to us in which order the coor- 
dinates are arranged). det„pxno ^ comes up when one changes variables. Indeed, suppose $ is a 
diffcomorphism from an open subset U C M"" mapping to an no dimensional submanifold of R", where 
this submanifold is given the induced Lebesgue measure dx. Then, we have 



fix) dx^ / /($(t)) 
<t>(U) Ju 



det d$(i) 

no X no 



dt. 



li A — {Ai, . . . , Aq) is a list of, possibly non-commuting, operators, we will use ordered multi-index 
notation to define A", where a is a list of numbers 1, . . . ,q. \a\ will denote the length of the list. For 
instance, if a = (1, 4, 4, 2, 1), then \a\ = 5 and A" = A1A4A4A2A1. Thus, if Ai, . . . Aq are vector fields, 
then A" is an |a| order partial differential operator. 

If / : R" — J> R™ is a map, then we write, 



dfix) 



_d_ 

dx-i 



for the differential of / at the point x applied to the vector field If / is a function of two variables. 



f{t,x) 



pN 



and we wish to view df as a linear transformation acting on the vector space 



spanned by ^ (1 < J < A^), the n we instead write, 



to denote this linear transformation. Hence, it makes sense to write, 

det — (i, x) , 

noxrio Ot 

where tiq < m /\ N . 

If V'1,'02 G (R"), we write -01 -< tp2 to denote that ^2 = 1 on a neighborhood of the support of 

We will have occasion to use vector valued functions. We denote by {p (N")) the set of sequences 
of measurable functions {/jjjgpj.^ such that. 




< 00. 



LP 



Finally, we will devote a good deal of notation to multi-parameter Carnot-Caratheodory geometry. 
See Sections [3] and [71 



7 Multi-parameter Carnot-Caratheodory geometry Revisited 

In this section, we present the results that allow us to deal with Carnot-Caratheodory geometry. The 
results we outline here are contained in Section 4 of |Strlla| . The heart of this theory is the ability to 
"rescale" vector fields. This rescaling is obtained by conjugating by a particular diffcomorphism, which 
will be denoted by $ in what follows. 
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Before we can enter into details, we must explain the connection between muhi-parameter balls and 
single-parameter balls. We assume we are given C°° vector fields Xi, . . . ,Xq with associated formal 
degrees 7^ di, . . . , cZg G [0, 00)''. Here, G N is the number of parameters. Given the multi-parameter 
degrees, we obtain corresponding single parameter degrees, which we denote by ^ (i and are defined by 

d)- :— d^j = Mjli- Lot 5 e [0, 00)'', and suppose we wish to study the ball 

B(x.d) {xq,5) . 

Decompose S — SqSi where So G [0, 00) and Si G [0, oo)"^ (of course this decomposition is not unique). 
Then, directly from the definition, we obtain: 

B{x.d) {xa,S) = B(^SiX.,J2d) ixo,So) = B(^sx,^d) {xo, 1) . 

Thus, studying a ball of radius S corresponding to {X, d) is the same as studying a ball of radius 1 
corresponding to {SX,'^ d). For this reason, taking Kq as in Section [3] and assuming {X,d) satisfies 
V {Kq, [0, 1]''), we will fix xq G Kq and S G [0, 1]"^ and study balls of radius « 1 centered at xq corre- 
sponding to the vector fields with single-parameter formal degrees {SX, ^d). In what follows, it will be 
important that all of the implicit constants are independent of xq G Kq and S G [0, 1]"^. 

We now turn to stating a theorem about a list of C°° vector fields Zi, . . . , Zq defined on an open set 
il C R", with associated single parameter formal degrees di, . . . ,dq G (0, 00). The special case we are 
interested in is the case when fz, dj ~ {SX, ^ d); i.e., when Zj = S'^^Xj and dj = \dj\^. 

Fix G and 1 > ^ > 0|I| Let uq = dim span {Zi (xq) , . . . , Zq {xq)}. For (ji, . . . , j„o) G 21 (no, q), 
let Zj denote the list of vector fields Zj-^ , ■ ■ ■ , Zj^^ . Fix Jq E I {riQ, q) such that 



det {xq) 

no xno 



det Z (xq) 

no xno 



where we have identified Z (xq) with the n x q matrix whose columns are given by Zi (xq) , . . . , Zq (xq) 
and similarly for Zj,-, (xq). We assume (^Z,(tj satisfies C {xq,^,Q). In addition we suppose that there 
are functions c*^j on B^^ j-j {xq, ^) such that 



< 00 for every m. 



We assume that: 

• ii^^-iIc™(B(,,,)(.o.c)) 

We say that C is an m-admissible constant if C can be chosen to depend only on upper bounds for the 
above two quantities (for that particular choice of m), m, upper and lower bounds for di, . . . , dg, an upper 

bound for n and q, and a lower bound for ^. Note that, in our primary example (^Z,(tj = {SX,'^d), 

TO-admissible constants can be chosen independent of xq G Kq and 6 G [0, 1]"^. We write A B if 
A < CB, where C is an m-admissible constant, and we write A -B if ^ B and B A. Finally, 
we say r = r (k) is an m-admissible constant if r can be chosen to depend on all the parameters an m 
admissible constant may depend on, and r may also depend on k. 

Theorem 7.1. There exist 2-admissible constants 771,^1 > such that if the map <i> : B"° [rji) 
^{zd) (^OjO defined by 

we have 



''In our primary example, one takes x'o G Kq and ^ as in 7? {Kq, [0, 1]"). 
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• $ : B'""" (rji) — !■ ^^zd) (-^0,0 *s injective. 

• S(^.,-)(xo,^i)Cci>(i3«o (^^)). 

• for allueB'^" (771), |det„n x«o «2 |det„(,xno (a;o)|. 

no xno 

Furthermore, if we let Yj be the pullback of Zj under the map $, then we have, for m > 0, 

ll^jllc'"(B"o(,,i)) ^mV2 1, (7.1) 



lc™(B"o(,,i)) ~(m-l)V2 X! ll^"/llco(B"o(,,i)) • (7-2) 
|a| <m 



Finally, 



det Fjo (u) 

"0 xno 



^2 1, Vu e (771) . (7.3) 



Note that, in light of (I7.ip and (|7.3p . puhing back by the map $ allows us to rescale the vector fields 
Z in such a way that the rescaled vector fields, Y , are smooth and span the tangent space (uniformly 
in any relevant parameters). We will also need the following technical result. 

Proposition 7.2. Suppose C2,V'2 > ^ o.i'^ given. Then there exist 2-admissible constants rj' — rj' (^2) > 0, 
= ^' (772) > such that, 

^{B-« (77')) (2:0,6), 

%<i)(xo,o^<f(i?"n^2)). 

Proof. The existence of rj' can be seen by applying Theorem 17.11 with ^ replaced by ^A^. The existence 
of ^' can be shown by combining the proof of Proposition 3.21 of |Strlla| with the proof of Proposition 
4.16 of [StrTig. □ 

Remark 7.3. With a slight abuse of notation, when we say 77i-admissible constant, where tti < 2, we will 
take that to mean a 2-admissible constant. Using this new notation, the V in (|7.ip and (|7.2p may be 
removed. 

Remark 7.4. It is not hard to see that the single-parameter formal degrees d do not play an essential 
role in the above (see Remark 3.3 of |Strlla| ). In fact, one could state Theorem 17.11 taking all the 
formals degrees dj = 1 and that would be sufficient for our purposes. Moreover, in every place we use 
the single-parameter formal degrees d, they are inessential. We have stated the result as above, though, 
to allow us to transfer seamlessly between the vector fields {X, d) and (^Z, (tj , without any hand-waving 
about the formal degrees. 



8 Some special single-parameter operators 

In this section, we describe a certain single-parameter (i.e., v — 1) special case of our main theorem. 
This special case will be easy to obtain using the theory described in Section [71 along with the classical 
Calderon-Zygmund theory of singular integrals. We will then, in Section[Tll use the operators developed 
in this section to create an appropriate Littlewood-Paley theory adapted to the more general operators 
of this paper. 

We suppose we are given Kq d fi' (E fi" g SI as in Section [3] and a list of C°° vector fields Xi, . . . Xq 
on f2' with smgZe-parameter formal degrees di, . . . ,dq S (0, 00). We assume that there exists an ^ > 
such that {X, d) satisfies V (Kq, [0, 1] , n', f). 
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Remark 8.1. In the case above, for S < ^0 we have, 

Vol {B^x,d) {xo,2S)) « 



det {2S)X{xo) 

no X no 



det SX{xq) 

no X no 

Vol (i3(x,<i) (xo,<5)) 



(8.1) 



gtlXlH \-tqXq^ 



where we have used our usual notation that 6X denotes the matrix whose columns are given by 
S^'^'^Xi, . . . ,6'^''Xq. (|8.ip is the fundamental estimate involved in showing that the balls B(x,d){'i') 
form a space of homogeneous type. Thus, if Xi, . . . ,Xq spanned the tangent space, then the above 
Carnot-Carathcodory balls would be open subsets of R" and would endow Kq with the structure of a 
space of homogeneous type. However, we are interested in the case when Xi, . . . , Xq do not, necessarily, 
span the tangent space. In this case, the classical Frobenius theorem applies to show that Xi,. . . ,Xq 
foliate the Kq into leavesH and each leaf is a space of homogeneous type. Using the coordinate charts 
(<&) developed in Section [7l we will be able to exploit this fact in what follows. This idea was also used 
in Section 6.2 of jStrllaj . 
We consider the function, 

j{t,x) : B« (p) X fl" n, 

given by, 

7(ti,...,t,) {x) 
We define dilations on M"? by, for (5 > 0, 

and we define for ^ : R"^ ^ C, and j > 0, 

Fix a > a small number. Let {<rj}jgpj C {B'^ (a)) be a bounded subset satisfying, 

(t) dt = 0, if i > 0, 
where we are including G N. Let K be the distribution defined by, 

where the sum is taken in the sense of distributions. I.e., K G /C e, a, 1, 1), where we are taking 
e = e (0,00)'?. 

Let K : B'i (a) x f2" C be a C°° function and let ^/^i, ^/'2 G (R") be supported on the interior 
of Kq. Define the operator, 

TJ (x) = (x) j f (7* (x)) V2 (7* i^)) « (t, x) K (t) dt. 

Theorem 8.2. There is an a > such that T (as defined above) is bounded on , 1 < p < oo. 

In addition we will need a maximal theorem. Take ipi,ip2 G (R") supported on the interior of 
Kq with V'l ^ Oi and define 

Mf [x) = sup ipx (x) / 1/ (75t [x)) 1^2 ilst {x))\ dt. 

(5G(0,1] J\t\<a 

Then, we have. 



*Here, is as in Theorem 17. II 

®The involutive distribution generated by Xi, . . . ,Xq is finitely generated as a C°° module in light of condition D. 
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Theorem 8.3. For a > sufficiently small, ||A^/||^p < ||/||^p, for I < p < oo. 

Note that Theorems l8.2l and l8.3l are special cases of Theorenis l5.2l and l5.41 respectively (this is proved 
in Section 17.1 of IStrllb) ). However, we wiU see that Theorems 18.21 and 18.31 can be proven by reduction 
to the classical Calderon-Zygmund theory. We will then use these theorems to develop an appropriate 
Littlewood-Paley theory, with which to prove Theorems 15.21 and 15.41 

We separate the proofs of Theorem 18.21 and 18.31 into two cases. In the first case, we prove the results 
under the assumption that Xi, . . . ,Xq span the tangent space at each point of Kq] this is covered in 
Section [Ql Then, we use the results in Section [8Tl to prove the more general case when Xi, . . . , Xq do 
not necessarily span the tangent space at each point; this is covered in Section [8.21 



8.1 When the vector fields span 

In this section, we prove Theorems l8.2l and l8.3l under the additional assumption that vaix^Ko |det„xn X [x) 
1. We will then be able to apply this special case to each leaf, in order to obtain the more general state- 
ment of Theorems 18.21 and 18.31 



Remark 8.4. In this particular case. Theorems 18.21 and 18.31 (and the methods used in this section) are 
already well understood. See [NRSW891 IKoe02| for similar methods. We do not know of a reference 
that has these results in the exact form we need them, however, and so include the short proof here. 

We focus now on the proof of Theorem 18.21 and will explain the proof of Theorem 18.31 at the end of 
the section. Thus, let T be as in Theorem 18.21 We already know from the theory in [Strllb] that 

riL2^i2<i. 

Our goal is to show that T is a Calderon-Zygmund singular integral operator and it will follow that T 
is bounded on for 1 < p < 2. Since the class of operators discussed in Theorem 18.21 is self-adjoint it 
will follow that T is bounded on for 1 < p < oo. 

Remark 8.5. Actually, it is not hard to see that, instead of using the theory in [Strllbj . we could 
apply the T (b) theorem to obtain the boundedness of T. We leave this approach to the interested 
reader. 

Let p{x,y) be the Carnot-Caratheodory metric corresponding to the vector fields with formal degrees 
{Xi,di),...,{Xq,dq). That is, 

p{x,y) ^ M {S > Q : y e B(^x,d) ^) } ■ 
Let K [x, y) denote the Schwartz kernel of T. We wish to show that 

/ K{x,yi)-K{x,y2) dx<l, iiy2^B(^XA){yi^^)^ (8-2) 

"'S(x,d)(yi,2<5) = 

and the Lp boundedness (1 < p < 2) of T will follow from the classical theory of Calderon-Zygmund 
singular integrals (see, e.g.. Theorem 3 on page 19 of [Ste93J). This uses the fact that the balls B(^x,d) (', •) 
form a space of homogeneous type, as discussed in Remark l8. II 

We now turn to proving ()8.2p . As is well known, it suffices to prove the inequality, 



X^X^K{x,y) 



< 



P{x,v) 



-dcg(Q)-dog(/3) 



Vol {B^x,d) {x,pix,y))) 



(8.3) 



where Xx denotes the list of vector fields {Xi, . . . , Xq) thought of a partial differential operators in the 
X variable, a denotes an ordered multi-index, and 

deg (a) = ^fcjdj , 



> 
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where kj is the number of times j appears in the ordered multi-index a. Similarly for Xy and /?. 
Actually, it would suffice to prove (j8.3|) in the special case \a\ = 0, |/3| = 1, but this is no simpler to 
prove. 

For j e N, let Tj be the operator given by 

Tjf {x) = (x) [ / (7* {x j) ^-2 ilt {x)) n {t, x) ^(^') (t) dt. 



Let Kj (x, y) be the Schwartz kernel of Tj. Thus, K = X^jgn '^'^ prove (|8.3p . it suffices to show that 
there is an a > (independent of j) such that, when Kj is defined as above, we have, 

• Kj {x,y) is supported on {{x,y) : p{x,y) < ^i2^-'}, where is a constant, independent of j, and 



fields (5''iXi,...,(5''«X„. 



< ,/„ — where, as usual, SX denotes the list of vector 



To prove the above we apply Theorem 17. II to the list of vector fields (2^^X, d) with xq G Kq. Note 
that all of the assumptions in that section hold uniformly for xq G Kq and j G N. Thus we obtain, 
771, ^1 > and for each xq G Kq and G N a map, 

:B"(77i)^B(x,d) (xo,^2-J), 

as in Theorem 1 7. II To prove the claim about the support of Kj it suffices to show that for xq G Kq and 
\t\ < a, we have, 

^t,2-^^^x,+...+t,2-^-^x,^^ e (2:0,^12-0 . (8.4) 

Let Yi, . . . ,Yq denote the puUbacks of Xi, . . . , Xq via $j>o- Pulling (|8.4I) back via ^j^xo it suffices to 
show, 

Take rf > so small that _B" (rf) C B{^Y,d) (O^Ci)- It is easy to see that this is possible, since Ci 1 
and inf„gs"(?7i) |det„xn Y {u)\ > 1. Since Yi, . . . ,Yq G C°° uniformly in j and xq (see Theorem 17. ip . it 
is follows that for \t\ < a, with a > sufficiently small, we have, 

e*^^^+-+*'^'0 G i?" (77') ^ (0,^i); 

which completes the proof of the support of Kj . 

Since Idetd^j^j,^ {u)\ w Vol {B(^x,d) {xn,'^^-')) for u G i?" (?7i) (and in light of the support of Kj), to 
prove the differential inequalities on Kj, it suffices to show. 



(detd$,- (v)) Y^Yl^K, ($,-,„ [u) , («)) 



<1, 



where u, w G i?" (771 )• Using that Yi, . . . , Yg and 'I'j^o are C°° uniformly in any relevant parameters, it 
suffices to show that for all multi-indices a and j3 (no longer ordered). 



(k, ($,-,„ (7.) , («)) det {v) 



< 1; 



that is, that Kj {^j,xo (u) , ^j,xa (v)) det d'l'j.xo (''^) is C°° uniformly in any relevant parameters. 

Let denote the map = g o ^. Then, K^ ($j>n (w) , $j>o (^)) det d<I>j,a;o (u) is the Schwartz 
kernel of the map 



1 J.xa-^J \ ^ 3,xo 



It is easy to see that, 

Tjg [u) = Vi (*j,:ro (u)) / 5 (7t (")) ^2 {it {u)) K {2-H, ^„ (u)) (t) dt, 
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where 7* {u) — e*^^^^ From Theorem 17. 11 we have that, 

Idetyj, (0)|>1, 

for some Ji S I{n,q). Without loss of generality, by reordering the coordinates, we may assume 
Ji = (1, . . . , n). Recall that <jj is supported in B'^ (a). For each u and tn+i, ■ ■ ■ ,tq fixed, define the map. 

Using the C°° bounds for Yi, . . . ,Yg, we have that for |t| < a (with a > sufficiently small), 

\det d^u,t„+t,...,t, {h, . . . ,i„)| ~ 1. 

Applying the change of variables v = '^u,t„+i t, (^i, ■ ■ • ,in), it is immediate to see that the Schwartz 

kernel of Tj is C°° uniformly in any relevant parameters. This completes the proof of Theorem 18.21 in 
the case when Xi,...,Xq span the tangent space. 

The proof of Theorem l8.3[ in this case, is merely a simpler reprise of the above. Indeed, the standard 
Calderon-Zygmund theory shows that the maximal function, 

Mf{x)^ sup V^i (x) ^ / \f {v)ij2{v)\ dy, 

5e(o,i] Vol (B(x,d) [x, 5)) JyeBfj,_^^{x,s) 

is bounded on (I < p < 00). Hence we need only show that pointwise bound, 

Mf{x)<Mf{x). (8.5) 

Let 

Asf (x) = V'l (x) / / {"fst (x)) (7<5t (a;)) I dt, 

J\t\<a 

SO that Mf {x) — sup5g(Q 2] |/|. To show (|8.5p . it suffices to show, for a > sufficiently small, 
independent of S, 

• If Kg(x,y) is the Schwartz kernel of As, then Ks{x,y) is supported on (x, y) such that y G 
B(x,d) (^''^)- 



-fi^s (a;, y) 



< 



Vol(B(x,d)(a:,5))- 

This follows just as above. 

8.2 When the vector fields do not span 



In this section, we complete the proof of Theorems 18.21 and 18.31 by proving the case when Xi, . . . , Xq 
do not span the tangent space. The idea, as outlined in Remark 18.11 is to use the fact that the 
involutive distribution generated by Xi, . . . ,Xq is finitely generated as a C°° module. In fact, in light 
of V {Kq, [0, 1] , n, ^), Xi, . . . , Xq are generators of this distribution (as a C°° module). The goal is to 
apply the theory of Section HIT] to each leaf. We will be able to do this by utilizing the coordinate charts 
on each leaf given to us by Theorem 17.11 

Let no (x) = dim span {Xi (x) , . . .Xq (x)}. Then, there exist 771,^1 > such that for each x G Kq, 
we obtain a map 

as in Theorem 17.11 by applying Theorem 1 7. II to the vector fields (^Z,(tj = {X,d). 

Let K2 (E Kq be the support of ipi, and let Ki be such that K2 Ki (£ Kq. Here A B denotes 
that A is a relatively compact subset of the interior of B. For a function / defined on 17, 5 < ^, and 
X € Kq, let 

^B(x.rf)(-,5)/ (x) = —7- —T-r / / (y) dy, 

Vol(B(x^d) {x,S)) 
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where Vol {B(^x,d) (2^,(5)) denotes the induced Lebesgue measure of B(^x,d) {x,5) on the leaf in which x 
lies. 

We restate Proposition 6.17 of |Strlla) . 

Proposition 8.6 (Proposition 6.17 of [Strlla] ). Th ere exists a constant > 0, < such that for 
every ^' < and every measurable function f with f > 0, we have 



f{x)dx< As (..J/)/ (a;) da; < / f {x) dx, 

K-2 JKi ' JKo 

where the implicit constants may depend on a lower bound for 
We will prove, 

Proposition 8.7. Let C = % A then we have the pointwise bound for 1 < p < oo, x G Kq, 

^i^(x..,(-,c')i7^/rw^^i^(x,.,(-,2e)i/r(^), 

where the implicit constant may depend on p, and we have taken a > sufficiently small, in the definition 
ofT. 



Before we prove Proposition 18. 7) let us first see how it yields Theorem 18.21 
Proof of Theorem \8.2\ given Provositions 1 8. 6\ and\8. 7[ Letting ^' be as in Proposition 18.71 we have, 



Tf\\l,= I \Tf{x)r dx 

JK-? 



^ / AB,,M-^^-)\Tff{x) dx 



K ' 



< / l/(^)r dx 

<\\f\\l., 

completing the proof. □ 
We now turn to the proof of Proposition 18.71 It suffices to show that for each xq G Kq, we have, 

^B,.,„(.,e) (<5'.o (0)) < Ai3<.,.,(.,2e) i/r {'^^0 m , 

since (0) = xq. 

Fix xo and let Yi, . . . , Yq be the puUbacks of Xi, . . . ,Xq via the map to _B"o(a:o) (^^^^y have. 
Lemma 8.8. For f > a measurable function defined on fl, 

^B(x d)(-,e)/ (^o) « / f°'^xo (u) du. 

Proof. We apply a change of variables x = using that ^xq {B(Y,d} i^iO) — B[x,d) and 

that |det„(,(2.)xno(2;) ^*^a:o (")| ~ Vol (_B(x.(j) (a^o, 0)- See (B.2) of [Strllaj for details on this sort of 
change of variables. It follows that, 

/ {(^xo (")) du « -, ^— "Y / / {x) dx 

B(r,d)(O.C') Vol [B^xM) (2^0,0) JB(x,a){xo,i') 

= ^B(x,d)(-.C')/(^o), 

completing the proof. □ 
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Completion of the proof of Proposition \ 8. 7| In light of Lemma 18.81 it suffices to sliow 



'B(i'.d)(0,€') 

This will follow from, 



du < 



Lp(B,Y.d){0,^'))^Lp{B^Y,d){0,■2^')) 



< 1, 



(8.6) 



for 1 < p < oo, with the implicit constant independent of xq. 

To prove (|8.6p . we apply the theory in Section I5TT] to the operator ^f^T {^f^) ■ Note that, 

g {u) = ^1 {uj) [ g (7, (u)) ^-2 (7t (")) « <f («)) K (t) dt, 



where 7* (w) = e^^^^^ ^^i^iu. We have, from Theorem I7.1[ that |det„|^(^-)xno(x) ^ (■")! ~ li for u G 
5"o(a;) (^j^j^^ That is, that Yi, . . . ,Yq span the tangent space (uniformly in xq). It is easy to see that 

the methods in Section [01 apply to the operator ^f^T {^fg) ^ uniformly in xq, establishing (18. 6p and 
completing the proof of Proposition 18.71 □ 

The proof of Theorem 18.31 follows by a simpler reprise of the above. See also Section 6.2 of |Strlla) . 



9 Auxiliary operators 

In this section, we introduce a number of operators, which will be useful in the proof of Theorems 15.21 
and 15.41 Before we begin, we pick four cut-off functions V'o: V'-i: ^^-2: V'-s ^ Oi supported on the 
interior of Kq with 

In the statement of Theorem 15.21 we took K E K, {N, e, a, ly, v) (recall, we are first presenting the 
proof in the case /ig = i^, a-nd in Section [T4l will present the necessary modifications to treat general /iq). 
Thus, 

K{t)=Y.,f'\t), 

where {<^j} C {B^ (a)) is a bounded set and the <ij satisfy certain cancellation conditions (see 
Section [2] for details). Hence, there is a corresponding decomposition of T . We define, for j € N'', 

T,f [x) = ^1 [x) j f (7t [x)) ijt (x)) ^ (t, x) (t) dt. 

We have, 

We now turn to the operators which we will use to construct our Littlewood-Paley theory. For each 
Mi 1 M ^ ■^s obtain a list of vector fields with single-parameter formal degrees (X'^, d'^), by letting 
X^, . . . ,Xl^^ be those vector fields Xj such that dj is non-zero in only the ^th component. We then 
assign the formal degree to be dj (i.e., the value of the non-zero component). Using this definition, 

(^^x^#) = (?x,^d), 

where S is 6^ in the fith component and in all other components, and we have suppressed the vector 
fields that are equal to 0. As a consequence, (X^,d'^) satisfies V {Kq, [0,1] ,f2',^), since {X,d) satisfies 

I?(ifo,[o,l]^^]',e). 
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We define (single-parameter) dilations on R'''' by, 

<5(ii,...,t,J = (<5<ii,...,<5<^t,^). (9.1) 
Let (pf^ E Cf^ {B'^^' (a)) be such that J 0^ = 1, and assume (f)^ > 0. Define, 



, _\4>, ifj=o. 



Here, as usual, ^J,^''* (t) = 2^'('^^'+'''+'''^') 0^ (2^t). Define 



For j G N, define, 



7^ (x) = e ^ "f'a;. 

(ti,...,t,^j 



(x) = ^--3 (x) / / (7r (^)) (7r (^)) 4!!^ (^) 



so that Y.jm = ^-3- For j = (ji, . . . ,>) £ N^ define. 



^.=^].^1---^I' (9-2) 



so that, 



; 2iy 

-3- 



In Section [TTl we will use the operators Dj to create an appropriate Littlewood-Paley square function. 

Now we turn to the operators which will be at the basis of the study of the maximal function. The 
study of the maximal function will proceed by induction on the number of parameters (z^), with the 
base case being the trivial case v = (we will explain this more in what follows). In what follows, we 
introduce operators that will facilitate this induction. 

Let Noo = N U {oo}. For a subset E <Z and j = (ji, . . . Ju) e W, define Je G to be 

equal to in those components fi E E, and equal to oo in the rest of the components. For t G K^, we 
dilate 2~^'^t in the usual way, where we identify 2~°° = 0; thus, 2~^'^t is zero in every coordinate j such 
that ejj^O for some /x G E'^. We may think of these dilations as -parameter dilations acting on a 
lower dimensional space consisting of those coordinates which are not mapped to under this dilation. 
Notice that — j and jg — (cxd, oo, • • • , oo). 

Let a {B^ (a)) satisfy cr > and cr > 1 on a neighborhood of 0. We assume, further, that cr 

is of the form, 

cr (ii, . . . , ^at) — aQ (ti) ■ ■ ■ ao (In) . 
where ctq G ^^0° (^)i supported near 0, is > 0, and is > 1 on a neighborhood of 0. We define for 



M,f {x) = ^0 [x) / / (72-n {x)) ^0 {l2-H {x)) a [t) dt. 

Notice, 



M,J{x)^^l{x) 

It is immediate to see. 



a{t) dt 



fix). (9.3) 



Mf (x) < sup M, I/I (x) + ^0 (x) / 1/ (7t (a:))| Vo (7* (x)) dt. (9.4) 

The second term on the left hand side of (19. 4p is easy to control, and so to prove Theorem l5.4[ it suffices 
to prove the following proposition. 
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Proposition 9.1. 



for 1 < p < oo . 



sup \M,f\ 



< 



I LP ' 



LP 



Indeed, to deduce Theorem 15.41 merely apply Proposition 19.11 to |/| and use (|9.4|) . The difficulty 
in Proposition 19.11 is that, unlike the operators Tj, the operators Mj do not have any cancellation to 
take advantage of. We now turn to reducing Proposition 19 . 1 1 to an equivalent result where there will be 
cancellation to take advantage of. 

We begin by explaining our induction. Given E C {1, . . . , z^}, separate t G into two variables 
t = {tfjtf)' will be those coordinates that are mapped to under 2~^'^t, and tf will be the rest of 
the coordinates. I.e., tf" are those coordinates tj such that Cjy^O for some /i G E'^. With an abuse of 
notation, we write 2~^'^tf as the tf coordinate of 2~^'^t, and so 2~-'^if defines -parameter dilations 

is 
as 
follows, 



on tf. Furthermore, with another abuse of notation, we write a (t) = a (tf) a (tf), where a [tf 
a product of ctq (tj) such that tj is a coordinate of if, and similarly for . We may rewrite Af,^ 



V'o (a;) / / (a;)) V'o (72-^-5 tf (a;)) o- [tf) dtf 



(j{t^) dt 



The term J a (tf) dtf is a constant. It is easy to see from our assumptions that 72-jEfE is of the 
same form as 72-jt with ly replaced by \E\. I.e., satisfies the hypotheses of Theorem 15.41 with ly 
replaced by \E\. As a consequence, is a constant times an operator of the same form as Mj, with 
ly replaced by \E\. 

We will prove Proposition 19 . 1 1 bv induction on ly. Due to the above discussion, our inductive hypoth- 
esis implies, 

" " (9.5) 



sup |Mj^/| 



< 



l/ll 



LP ' 



LP 



for E C {1, . . . , i/} and 1 < p < 00. The base case of our induction will correspond to E 
of (|9.3p . the base case is trivial. 

For each IJ,, 1 < fJ, < jy, and each j e Noo, define the operator. 



In light 



A';/(x) = v-i(x) 



/(72^.,(a;))V'-i(72^-,(a;))a(t) dt, 



where we have used the dilations on R''^' defined in (|9.ip and we have identified 2 °° 
^00 = [/ (0 d,'^] ■0-1- Here we have abused notation and viewed cr as a function on R''^' 
mean, a (ti, . . . , tq^) = nj=i "'0 (^j)- Define the maximal operator. 



0; so that 
By this we 



M^f {x) = sup {x) 
5e[o,i] 



\t\<a 



|/(7,^,(x))|V'-3 



Note that Theorem 18. 31 shows that, 

II-M'^/IIl. <II/IIl., i<p<oo. 

Also it is elementary to verify the pointwise inequality 



sup <M'^/(x), 



(9.6) 



and so we have. 



For j = (ji, . 



sup \A^J {x)\ 
,i,)eW^ define 

A, = 



<||/ILp, 1<p<oo. 



LP 



(9.7) 
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Notice that 



^(00,CXD,--- ,00) 



a {t) dt 



And since ip-iMj ~ Mj = Mj^^ we see to prove Proposition 19 . 1 1 it suffices to prove, 



sup Aj,M^- / 

J6N 



< 



LP 



1 < p < 00. 



LP 



For C {1, . . . , jy}, combining ()9.5p and (|9.6p . we see, 

jSII/ILp, i<p<^. 



SUp|Aj^eMj^/| 



(9.8) 



(9.9) 



LP 



For j G N", define the operator. 



l;c{i,...,i/} 



From (|9.9p we see that to prove (19. 8p (and hence to prove Proposition 19.11 and Theorem 
to prove. 



it suffices 



Proposition 9.2. 



for 1 < p < 00. 



sup 



<II/IIlp. 



LP 



10 Preliminary results 

In this section we describe some results concerning the operators defined in Section [9l These results, 
along with the results in Section [8l make up the main technical results on which our theory is based. 
All of the results in this section will follow from the results in }Strllbj (after some reductions). 



Theorem 10.1. For ji, 



, jr e W , define, 
diam{ji, . . . 



// we take a > sufficiently smallx \ then there exists £2 > such that 



< 2-«2diam{ji J2} 



< 2-'S2diam{ji,j2 J3}^ 

< 2-'^2diam{ji j2 J3 J4}^ 

< 2-'^2diam{ji j2 J3 J4}_ 

Here, ji,j2,j3, and ji are arbitrary elements ofN'^. 



\D D D* D* W 



The rest of this section is devoted to the proof of Theorem 110.11 We will see that each part of 
Theorem 110.11 follows from an application of the same general result. This result is proved in [Strllbj . 
and we review the statement of the result in in Section 110.11 In Section 110.21 we show how to reduce 
each part of Theorem 110.11 to the result in Section 110.11 

Remark 10.2. Using methods similar to the ones in this section, one can prove HTj^^^Tj^ ||^2^^2 j ll-^ji-^/2 IIl^ 
2-ediam{j"i,i2}^ This shows, via the Cotlar-Stein lemma, that T is bounded on L^. This is the proof used 
in IStrllbj . 



'Recall, all of the operators in Section [9] were defined in terms of some small a > 0. 
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10.1 A general result 

In this section, we review the main technical result from [Strllbj : this result will imply Theorem llO.il 
The setting is as follows. We are given operators Si, ... , Sl, and Ri, R2, and a real number ( e [0, 1]. 
We will present conditions on these operators such that there exists e > with, 

\\Si---SLiRl-R2)h2^L-^<C. (10.1) 

In Section [10.21 we will show that the assumptions of this section hold uniformly in ii,i2j Jsj J4 for the 
operators in Theorem llO.il (with an appropriate choice of C), and Theorem 1 1 . 1 1 will follow. The term 
i?i — i?2 is how we make use of the cancellation implicit in the operators in Theorem llO.il 

To describe the operators above, suppose we are given C°° vector fields Zi, . . . , Zq on Q with single- 
parameter formal degrees di, . . . ,dq. We will be taking (^Z, dj — (SX, ^ 0?) for some S G [0, 1]'', to prove 

Theorem llO.il We assume that (^Z, dj satisfies the assumptions of Theorem 17.11 uniformlv for xq G Kq, 
for some fixed ^ > 0. 

We assume that r of the vector fields Zi, . . . , Zr generate Zi, . . . , Zq in the sense that there is art"! 
Ml such that for every j,r+l<j<q, Zj may be written in the form, 

Zj = ad {Zi,)&d{Zi,)-- -ad {Zi J Zi^^„ l<lk<3, < m < Mi - 1. 

Definition 10.3. Let 7 : (p) x il" ^ fl he a C°° function, satisfying 70 {x) = x. We say that 7 is 
controlled by (z, d\ at the unit scale if the following holds. Define the vector field W {t, x) by, 



W{t,x) = ^ 
de 



We suppose, there exist pi,Ti > such that for every xq G Kq, 
• W{t,x) = Yj1^^ci{t,x) Zi{x), onB^^j-^ ixo,Ti), 



• J2\a\ + \l3\<7n Z^dfCl 



, , < 00, for every m. 

Co(i3"(pi)xS(j,^-)(i:o,ri)) 



Remark 10.4. Note that the assumption that {X, d) controls 7 can be restated as {5X, ^ d) controls 754 
at the unit scale for every ^ G [0, 1]", uniformly in 5. 

We now turn to defining the operators Sj. We assume, for each j, we are given a C°° function 

7j : [p) X 51" — > 17 with 7, (0, x) = x, and that this function is controlled by (^Z, (tj at the unit scale. 

As usual, we restrict our attention to p > small, so that ^J'^ makes sense wherever we use it. We 

suppose we are given "(Aj.ii G (R") supported on the interior oi Kq and Kj G C°° (^B^i (a) x CI 

Finally, we suppose we are given G (B^j (a)). We define. 



Sjf (x) = Tpj.i (x) J f (7j- 1 (x)) V'j,2 (7j,t (x)) {t, x) ?j (t) dt. 

Definition 10.5. If Sj is of the above form, we say Sj is controlled by ^Z, ctj at the unit scale. 

Remark 10.6. If Sj is controlled by (^Z,(tj at the unit scale, then so is S* . This is shown in f Strllb) . 
Furthermore, a simple change of variables shows that if Sj is controlled at the unit scale by (^Z, dj , then 



^The implicit constants in l|10.Hl may depend on Mi and ^. 
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We assume further, that for each 1 < / < r, there is a j, 1 < j < i, and a muhi index a (with 
|q;| < M2 for somelll M2), such that, 



1 a " 

OL\ at 



t=o 



This conchides our assumptions on 5*1, S'l- 

We now turn to the operators Ri and R2. It is here where C plays a role. We assume we are given 
a C°° function 74^^ which is controlled by ^Z, at the unit scale: 

7t,, (x) : (p) X [-1, 1] X n" ^ 70,0 (x) = x. 

Remark 10.7. Here we are thinking of {t, s) as playing the role of the t variable in the definition of 
control. 

We suppose we are given K.{t,s,x) £ C°° (^B^ (a) x [-1,1] x fl"^, ^ £ (B^ (a)), and V'i;'02 & 
(M") supported on the interior of Kq. We define, for ^ G [—1, 1], 

{x) = V^i (x) J f (7t,5 (x)) (7t,C (a;)) (t, ^, dt. 

We set Ri = i?^ and i?2 = 

Theorem 10.8 (Theorem 14.5 of [Strllb] ). In the above setup, if a > is sufficiently small, we have, 

\\Si---SL{Ri-R2)h2<C, 

for some e > 0. 

Remark 10.9. It is important in our applications of Theorem 110.81 that the various constants can be 
chosen independent of any relevant parameters. I.e., that if all of the hypotheses of this section hold 
"uniformly" then so does Theorem 110.81 Indeed, this is the case, and is discussed further and made 
precise in |Strllb| . In this paper, we merely say that in our proof of Theorem llO.il all of our applications 
of Theorem 110.81 will satisfy the hypotheses of this section uniformly in the appropriate sense, and we 
leave the straight-forward verification of this fact to the reader. 

10.2 Reduction to the general result 

This section is devoted to proving Theorem 110.11 by applying Theorem 110.81 We will be implicitly 
choosing a > by choosing it small enough that Theorem 110.81 applies. Since the assumptions of 
Theorem 110.81 will hold uniformly in Ji,j2,j3)j4) we will have that a > 0, e > 0, and the implicit 
constant in Theorem 110.81 can all be chosen independent of ji , j2 , , £ . See Remark 110.91 and 
[Strllb] for more details on this. 

Recall the list of vector fields {X,d) = {Xi,di) , . . . ,{Xq,dq) satisfying V {Kq,[0,1Y) defined in 
Section m 

Our assumptions on 7 can be restated (by possibly reordering (Xi, c?i) , . . . , {Xq, dq)) as there exists 
r < q such that, 

1. {X, d) controls 7. 

2. For 1 < I < r, di is nonzero in only one component. 

3. Every {Xj, dj), with r < j < q, can be written as, 

X, = ad (Xi, ) ad [Xi, ) • • • ad (Xz,„ ) Xi,^^, , 
dj = di^+di^^ h c?u+i: 

with 1 < Ife < r. 



^^The implicit constants in l llO.ll l are allowed to depend on A/2. 
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4. Every {Xi,di), 1 < Z < r, is of the form, 



d 
, de 



7et o 7t ^ (x) 



= deg (a) 



(10.2) 



(10.3) 



We now describe how the above assumptions come into play in what fohows. Take 6 £ [0, 1]. Define 
the hst of vector fields with single-parameter formal degree ^Z, ctj — {SX, ^ d). Note that Zi, . . . , 
generate Zi, . . . , Z^, in the sense of that every Zj {r + 1 < j < q) can be written in the form, 

Zj = ad (Z; J ad (Z; J • • •ad(Z;^) Z;^_^^, 

with 1 < /fc < r for every k. 

Fix Si ~ [Si, . . . ,Si) ,$2 — (S2,...,52) e [0,1]"^ and assume < 62 for every ^. Then, using 
the fact that {X,d) controls 7, we have {52X,'Y^d) controls 75^4 at the unit scale, uniformly in 5i,52- 
Furthermore, suppose that (5^ — 82 for some fixed /i. Suppose further that for jo fixed (jo < t)^ djo is 
nonzero in only the /ith coordinate. Define 74 = ^Sit- We then have. 



1^' 
a! dt 



t=o 



let o It ^ (a;) , 



for some a. 

We now turn to the proof of Theorem 110.11 We describe, in detail, the proof for BjDk as it is 
the most complicated (here we have replaced ji with j and j2 with k for notational convenience). We 
then indicate the modifications necessary to study all of the other operators. Let £ ~ j A k. Define 
(Z, d) = (2~^X, ^ d), and too = \j — k\oo- S<^^1 to show that there exists e > such that, 



\BjDk\\^2^i^2 < 2" 



(10.4) 



Note that this is trivial if too = and so we assume too > in what follows. 

We separate the proof into two cases. The first case is when there isa/ii (1 </ii < f) such that 
^00 — ^ 
prove, 



j^j^. In this case, we need only use the cancellation in the operator Dk, and so it suffices to 



< 2- 



for every i? C {1, . . . , i/}. 

To prove (jlO.Sp . it suffices to prove, 



< 2" 



(10.5) 



(10.6) 



where we have changed e. 



Using that ||D^| 



M. 



1^*^^ ||^2^i2 ^ I7 to prove l|10.6p it suffices to show, 



< 2- 



We now expand the last Dk in piTT)) into Dk = Dl^ Dl^--- -Dfe,, • Using that 
/i, to prove ()10.7|) it suffices to show, 



< T 



A,,^M,,DkDlM;^A*^^A,,^M,,DlDl ■ ■ ■ D^ 

We will prove pO.Sp by applying Theorem 110.81 with. 

Si---Sl^ A,,^M,,DkDlMlA*^^A,,M,,DlDl^ ■ ■ ■ D^^^'^, 



(10.7) 

< 1 for every 

(10.8) 



Ri -= , i?2 = 0. 
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In the above, we are thinking of Dj and Aj^^^ as a product of terms (see (|9.2p and (|9.7p ). and assigning 
an Si to each term in the product, similarly for the adjoints. 

First we verify that each Si is controlled at the unit scale by ^Z, . We will begin by showing that 

A^ , Aft, , and D'^ are controlled at the unit scale. We will also show that Mf' is controlled at the unit 
scale. It will then follow that D^, M*^, and A*^^ are all products of operators which are controlled at 
the unit scale, since if Si is controlled at the unit scale, so is S^ fRemark ll0.6p . 
Consider, 

A^fix) = {x) j f (%_,^^^ (x)) V^-i (t^,,, {x)) a it) dt, 

and so to show that A'^^ is controlled at the unit scale by (^Z, dj , it suffices to show that is 
controlled at the unit scale by (^Z, ctj . However, 

(x) = exp (2--'--<iiXf + . . . + 2-^'-<.t,, X. 

By definition, the list of vector fields {2^^^'X^,d^) is a subhst of the list of vector fields (2~^X, ^rf). 
Since j > i coordinatewise, it follows immediately from Lemma 12.18 of [Strllbj that jl^-j^^ is controlled 

at the unit scale by {Z, d) = (2~^X, ■ 1^ trivial that is controlled at the unit scale by (^Z, (tj 
since % (x) = a: is controlled at the unit scale by (^Z, dj , trivially. The proof that D'^ is controlled at 



the unit scale by \^Z, dj follows just as the proof for A^^ . 
We now turn to Afj^ . Since, 

MjEfix)^i^o{x) / f i-f2-^Etix))^poi-f2-JEtix))(7it) dt, 



we need only show that 72 -jet is controlled at the unit scale by yZ,dj. As discussed at the beginning 

of this section, 72-jt is controlled by (^Z, dj . Since 72-jEt is the same as 72-Jt except with some of the 
coordinates of t set to 0, the result follows. 

This completes the proof that each Sp is controlled at the unit scale by (^Z, dj . To complete our 
discussion of the Sp, we need to show that for each I, 1 < I < r, Zi is oi the form. 



1 d " 
a\ at 



t=o 



7.t0 7-i(x), (10.9) 

e=0 



for some a, where 7 is one of the functions defining the maps Si, . . . , Sl- 

Fix I, 1 < I < r. Recall, Zi = 2~^''^^Xi, and di is nonzero in precisely one component. Let us suppose 
that di is nonzero in only the ^2 component. Thus, Zi = 2~^''2'*i X;. There are two possibilities. Either 
£^2 = Jm2 oi' ^^^2 — ^M2- We deal with the second case first. 

Suppose i^^ = . Pick p such that Sp = D'^^ . We have. 



D>;^1^ f (x) = V^_3 (x) J f (7t (x)) V-3 (7t (x)) (t) dt, 

where. 

It (x) = %\,,^{x) = exp (2-'^--<^tiXr + • ■ • + 2-'=-<^. K^KX) ^■ 

By the definition of (X^^ d^^)^ (Xi,df^) appears in the list (X^^ d^^) (this uses the fact that di is 
nonzero in only the \i2 coordinate). Hence, Zi is of the form 2^^f'2'^™ X^j^ — 2~'^f2''™ X^'^^ for some to. 
It follows that, 

d 



t=o 



let O 7t ^ (x) , 
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which completes the proof of (jl0.9|) in this case. 

We now turn to the case when i^^ — • We separate this case into two cases: when fi2 & E and 
when fj,2 € E'^. First we deal with the case when 112 € E'^ . In that case, we use p such that Sp — A^^ , 
and the proof of (|10.9[) proceeds just as in the case for above. 

We turn to the case when /i2 G E. In this case, we use p such that Sp ~ Mj^^ . We have, 

MjeJ (x) ^ i^oix) J f {^2-iEt{x))i^o{l2-iEt{x))cf{t) dt. 

Hence, we take 74 = Note, if 74 were instead taken to be equal to 72-jt, then (|10.9p would follow 

immediately from (110.21) and (|10.3I) . 72- jet is just 72-jt with some of the coordinates set to 0. Thus, 
to prove (|10.9p . we need only show that df in (110. 2p only involves those coordinates of 2~^^t which are 
not identically 0. Let a be the multi-index from (|10.2I) . We know that deg (a) = d/ and therefore is 
nonzero in only the ^2 coordinate. Thus if tm is a coordinate appearing in , then e„i must be nonzero 
in only the /i2 coordinate. Since je is 00 only in those coordinates /i S E'^, it follows that 2~^'^t is not 
identically in any of the coordinates appearing in df. (|10.9p follows. 

In conclusion, the operators 5*1, . . . , S'l satisfy all the hypotheses of Theorem ll0.8l We now turn to 
i?2- Recall, we are presently considering the case too = — j^^. We have, 

D'l^J {x) = V-3 {x) I f (%^^,^ ^ ix)) ^-3 (%^\,, , (x)) Cj>^,^k,^ it) dt 



- V^_3 (x) J I (7o^^ {x)) V'.s (70 {x)) it) dt 

Rif (x) ~ R2f (x) , 

where we have used that J 4>tJ.i,k^-^ = (since /c^^ > 0, which follows from our assumption that ioo > 0) 
and therefore R2 = 0. 

Let Co — mini<„j<g^_ > 0. Define Q — 2"^^"'°°. Let, 

7M {x) = exp (^2-^«<^2-('=--^-)K"-^'').ii + . . . + 2-^"<« 2-('=--'-)Kii -^0,^,^^ 



It is simple to verify that yZ, dj controls 74^^ at the unit scale. In particular, this follows from the fact 
that (^Z,(tj controls ^^"^ scale (see Lemma 12.18 of |Strllb) ). and "ft is just 'y2-h'it '^itli 

replaced by 2-('="i "'^^i "'^''^st™. 

Let C = 2"'=°('=^i~'^^i) = 2-^0'-. Note that. 



'2~ 1^1 t 

We therefore have, 



[Ri - R2) f {x) = {x) J f (7t,c (x)) V'-3 (7t,C (x)) it) dt 

-tp-six) / f {jt,Q{x))Tp-3{jt,o{x))(l)f,^,k^^ (t) dt. 



This completes the proof that Ri — R2 has the desired form. 

Theorem 1 1 . 81 applies to show that there exists e > such that, 

• • • 5i (i?i - i?2)IL2^i. < C = 2-''~, 

for some e' > 0. This completes the proof of (|10.8p and therefore shows, 
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in this case. 

We return to deal with the second case: there is a fii such that too = jfii — fc/ji ■ We wish to show, 

Il-Bj-Dfc||£2^i2 < 2""~. 
Applying the triangle inequality, it suffices to show for every i?C{l,...,;y}\{/ii}, 



<2- 



Let Oj^k,E 



A 



J(eu{a.i}) 



]E 



Dk- Thus, we wish to show, 



Applying the triangle inequality to the term O* ^ we see that it suffices to show for every F C 
Using that \\Oj^k,E\\L^^L^ ^ 1' we see, 

< \\a,,.m,,d,dim;^ai^o,,,,e\\^.^^. ■ 



Thus, it suffices to show, 

\\P3,k,FOj^k,E\\]^2^l^2 < 2~ 

where P,,k,F = A,,^M,,D,DIM*^AI^. 



We now use that 1 1 13, 



\\M,J 



M. 



3eu{^i} 



< 1, to see, 



\\Pj.k.F0j,k.E\\L2^L2 < Pj.k.F [^j(Bu{Mi})<= - ^JE'= 



E 

Ge{E-XEU{tii}r} 



Pj,k,FAj^ 



(10.10) 



Thus it suffices to show, for every F,G C {1, . . . , zy} and every EC {1, . . . , z/} \ {/ii}. 



Pj,k,FAj^ 



< 2- 



4 ■ — 4 ■ 



L2_j.L2 

< 2- 



where we have reversed the roles of E and E"^ in (|10.12p . 

We begin with p0.12p . Write je = (j^, . . . , j^) G N^. Note that. 



(10.11) 
(10.12) 



^JEU{M1} - ^3E - ■ ■ ■ 



Je 



4'^i+l . . . 4=^ 



Using the fact that 



A^ 

3e 



< 



1 for every /i, to prove (|10.12p it suffices to show, 



Pj,k,FA], 

■Je j^i 



< 2~ 



(10.13) 



To prove (|10.13p we will apply Theorem 110.81 with . 

Si---Sl^ Pj,k,FA],^ ■ ■ ■ ^;^r-i - A3E^M,,DkDlM;^A*^^A],^ ■ ■ ■ A^p,, 



Ri^Af^^, R2 = A>^ 
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As before, we take (^Z,dj = (2 ^X, ^d). The proof that the term Si---Sl is of the proper form 
foUows just as before. We, therefore, concern ourselves only with showing that Ri and i?2 have the 



proper form. 
We have, 



{x) = (x) J f (%^_,^^ (x)) (72-..t (x)) a (t) dt, 

R2f {x) = {x) Ja f {x) = V-i (x) J f {x)) (70 {x)) a {t) dt. 

Setting Co = mini<,„<q^^ df'^ and C, — 2^^°'-°° , the proof that i?i — i?2 is of the proper form follows just 
as in the previous case. Theorem 1 1 . 81 applies to show (|10.13p . thereby establishing ()10.12p . 
We turn, finally, to showing ()10.1ip . We will apply Theorem 110.81 with 

As before, we take (^Z, dj ~ (2^^X, ^ d) . That Si ■ ■ ■ Sl has the proper form to apply Theorem 110.81 
follows just as before. We therefore only concern ourselves with Ri and i?2- 
Consider, 

Mj^fix) = -00 (x) / / {l2-^Et (x)) 'ipQ {l2-^Et i.x)) a (t) dt, 



with a similar formula for Mj^^^^^^. For t G M^, separate t into two variables: t — (^1,^2)- will 
consist of those coordinates ti such that 7^ 0, and t2 will denote the rest of the coordinates. Write 
h = {ti^ , . . . , ) .Let i G be given by, 

■ ^ IJe if M 7^ Ml, 
^ [fc^i if^ = ^i. 

Notice, 

2-^Eu^.^y (ii,t2) = 2-^ (^(^2('=--^-K'ij,,.-. ,2('-"'-)''"a,„^) ,t2) , 

2-^'" (ii,i2) = 2-'(0,t2). 
Define cq min|ef^\ - •■ , ef^ J > 0, and C = 2"'=''(^'^i-''''i) = 2"'='"°°. Thus, 

2-^-t«>(ii,i2) = 2- (^(^2('--^-)(<.'-^0a,,,... ,2^'""'"K''"^^a;„^ ,i2^ . 
Define, 

7((ti,^2,.).) =7 (2-' (^(^2(^---^)K^--).t,,... ,2('=''--^)te^.i,„^^ . 

We claim that (^Z, dj controls 7 at the unit scale. Indeed, we know (^Z, ctj controls 72-** at the unit 

scale[^ and since i > £ coordinatewise, we have that (^Z, (tj controls 72-^* at the unit scale. Now the 

result follows easily from the definition of control, since (fc^j^ — ) (ej*^ — co) < for every m. 
Note that, 

Rif (x) = Vo (x) I f (jtx (x)) ^0 iltx (x)) a (t) dt, 



'As discussed before, this follows directly from our assumptions on 7. 
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R2f {x) = -00 {x) J f {-ft,o (x)) tpo {-ft,o {x)) cr (t) dt. 
Thus, Ri — i?2 has the proper form for Theorem 110.81 Theorem 110.81 applies to show, 

ii5i..-5i(i?i-i?2)iii.^i. <r = 2-^''-, 

which estabhshes (|10.1ip and completes the proof of (|10.4p . 

We now make comments on the modifications of the above necessary to deal with the other parts of 
Theorem llO.il When considering Dj^Tj^Dj^ one takes (. = ji Aj2 Ajs and l^o = niaxi</j ;<3 \jk — ji\^ w 

diam {ji, j2, js}- Also, we set (^Z,(tj = (2^^X, ^d). One proceeds in essentially the same manner as 
Bj-^Dj^. The Dj terms behave just as before. When Tj^ appears as a Sp for some p, it can be treated 
just as Mj^j was treated above. When ioo = — jf^ or too = ^2^ — for some ^i, Tj^ must 
also be used as Ri — i?2 in the above argument. In that case, one uses that / (t) dt^^ = and setting 
i?2 — 0, one can write Tj^ = i?i = i?i — i?2 in a form that works just as Mj^-^ — Mj^-^ .^}\{ni} "^^^ 
above. See also [Strllb] for details on this. 

When considering, instead, Dj^Dj.^D*^D*^ or D*^D*^Dj^Dj^, one takes £ — ji A j2 A j 3 A and 

too = maxi<fe^;<4 -j;|oo ~ diam{ji, j2, js, j4}- Also, one takes (^Z,(tj = {2^^X,J2d)- With these 
choices everything proceeds as above with simple modifications. We leave the details to the interested 
reader. 



11 Square functions and the reproducing formula 

Using the operators Dj defined in Section [5] we develop, in this section, a Littlewood-Paley square 
function and a Calderon-type "reproducing formula" which will be essential to our proof of Theorems 
OandHH 
Recall, 

For notational convenience, we define Dj = for j e Z"^ \ N"^. For M E N, define, 

\1\<M 

jetr 

\1\>M 

so that Um + Rm = V-'-a • The main results of this section are: 

Theorem 11.1 (A Calderon-type "reproducing formula"). Fix po, 1 < po < 00. There exists M — 
M {po), and a bounded map Vm ■ LP° — > L^" such that, 

iP-2UmVm = = VmUm->P-2- 

Remark 11.2. Strictly speaking. Theorem 1 1 1 . 1 1 does not give a reproducing formula (one would need 
Vm = I for it to be a reproducing formula). However, we will use it in the same way that one often uses 
the Calderon reproducing formula, which is why we have labeled it such. 

Theorem 11.3 (The Littlewood-Paley square function). For every p, 1 <p < 00, 



(11.1) 



LP 
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< 



LP 



(11.2) 



LP 



The rest of this section is devoted to the proofs of Theorems 111.11 and 111.31 We begin with the proof 
of (iniS): 



Lemma 11.4. For every p, 1 < p < oo, we have: 



view- 



< a 



P IIJ llLP ■ 



(11.3) 



LP 



The same result holds with Dj replaced with D* 



Proof. As is wcU known, to prove (|11.3p , it suffices to prove for every set of v sequences { e}j } ■ pj i • • ■ i { } 
taking values of ±1, the operator 



(11.4) 



is bounded on LP, with bound independent of the choice of the sequence. To see why (|11.4p is enough, 
see for example, page 267 of [Ste93| and Chapter 4, Section 5 of |Ste70| . We have. 



E ^.^.■■■^Mn,...,.) - E 4^1. •••IE 't^i 



For each /i. 



is of the form covered by Theorem 18.21 and hence bounded on (1 < p < oo). It is easy to see that the 
Theorem 18.21 holds uniformly in the choice of the sequence taking values of ±1. The result now 

follows. 

The same proof works with Dj replaced by D*. □ 
To prove Theorem I ll.li we first state a preliminary lemma. 
Lemma 11.5. For pq fixed, 1 < po < oo, 

lim WRmWlpo^lpo = 0- 

Proof of Theorem \ll.l\ given Lemma \ll.5[ Note that, 

Um - 4'% - Rm. 

Take ^ e Cg° with < V-3- Take M = M (po) so large that l|i?A/V^|lz,Po^LPo < 1- Define, 



Vm = E ^ ^^m4'Y 



m=0 



with convergence in the uniform operator topology L^" LP° . It is direct to verify that Vj\/ satisfies 
the conclusions of Theorem 111.11 □ 



Lemma [11 .51 follows by interpolating the next two lemmas. 
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Lemma 11.6. For 1 < p < oo, M > 1, 



\R 



Lemma 11.7. 



for some e > 0. 



II-RmI 



Proof of Lemma ] 11.6[ Since Rm — V'-a ~ Um, it sufBces to prove the result with Um in place of Rm- 
Let q be dual to p. Fix f ^ and g ^ L"^ with \\g\\i^q = 1. Consider, 



\{9,UMf)\ < E 

\1\<M 

= E 

\1\<M 



< 



1/2 



1/2 



El^l 



1/2 



E 



if 



< A'r iiffii^, 11/11^, 



where, in the second to last line, we have applied Lemma [11.41 twice . Taking the supremum over all g 
with llgll^,, = 1 yields the result. □ 

Proof of Lemma \11.7\ We wish to apply the Cotlar-Stein lemma to, 

E ^^^^■+'- 

jetr 

\1\>M 

Applying Theorem I lO.li we have, 

IId- n n* n* , II lln* n* , n n II < o-«2diam{jiji+iij2,j2+i2} 

||-f^Jl-^Jl+il^j2-^j2+i2llL2^L2 : ||-L^Jl-^Jl+il-^J2-t-'j2+i2||i2^i2 

The Cotlar-Stein lemma states. 



iiGN 
\h\>M 



M 



completing the proof. 



□ 



We have now completed the proof of Theorem lll.il We end this section with the completion of the 
proof of Theorem 111.31 by proving (|ll.ip . 
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Proof of Fix pq, 1 < po < oo, and let M = M (po) be as in Theorem lll.il Let qo be dual to po, 

so that V^i : Li° -> i*. Let g G be such that =1. We have for f e LP° , 

\{g,^-2f)\^mjg,UMi'-2f)\ 



|Z|<M 

^ E 

|/|<A/ 



E i^^^M^r' 



<M''\\V;jg 



< 



L<JO 

1/2 



1/2 



E i^w^-2/r 



1/2 



where in the second to last line we applied Lemma [11.41 and in the last line we used that M is fixed 
(since po is), is bounded on L''", and HffH^^go = 1- Taking the suprcmum over all g with H^H^go = 1 
yields the result. □ 



12 The maximal result (Theorem 15.41) 



In this section, we prove Theorem l5.4l The proof proceeds by a bootstrapping argument. In fact, there 
are at least two, well-known, bootstrapping arguments that can be used to prove results like Theorem 
15.41 One can be found in |NS W78j . another in Section 4 of [GSW99 . Either of these arguments will 
suffice for our purposes. We proceed using the methods of fNSW78j . 

Let us review a few of the reductions covered in Section [HI First, for C {1, . . . , z/}, define. 

Me fix) - sup M,, \f\{x). 

Then, to prove Theorem 15.41 it suffices to prove that A1{i,....i/} is bounded on i'' (1 < p < oo). We 
proceed by induction on v. As discussed in Section [9l the base case (v — 0) is trivial, and we may 
assume by our inductive hypothesis that /W^; is bounded on for E C {1, . . . , i/}. Note that A^{i....,iy} 
is clearly bounded on L°°, and so our goal is to show that it is bounded on L^, 1 < p < 2. 
The following lemma was proved in Section [HI (under our inductive hypothesis) , 

Lemma 12.1. For each p, I < p < oo, 



|-A^{i,...,z.}/| 



LP 



< 



I LP ' 



V/ G LP, 



if and only if 



sup \Bjf\ 



< 



I LP ' 



V/ e LP. 



LP 



Remark 12.2. Actually, only the if part of Lemma [12.11 was shown in Section O The only if part is 
immediate, and is also not used in what follows. We, therefore, leave it to the interested reader. 

In what follows, Dj for j £ Z'^ \ W is defined to be 0. For fc G Z'' define a new operator acting on 
sequences of measurable functions {fj {x)}^^^^^ by. 



BkifA 



{BjDj+kfj} 
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Proposition 12.3. Fix po, I < po < oo. // there is e > such that 

ll^fc|lLP0(P(N-))-^iP0(^2(N'0) ^ ^ ''''' 

then A^{i,...,,y} is bounded on LP° . 

Proof. In light of Lemma 112.11 and because 

1/2 

^ I X — ^ . 1 



sup \Bjf\ 



it suffices to show 



1/2 



< 



LPO 



Fix M = M (po) as in Theorem [iTT] Note, Bj = BjV-2 = Bjip^2UMVM = BjUmVm- Let 5 = Va//. 
Note that llffll^po ^ 11/IIlpo- Thus, it suffices to show. 



1/2 



E \BoUm9Y 



LPO ■ 



LPO 



Consider, using the triangle inequality. 

E \B3UMgf 



LPO 



E 



joeN'^ 

/|<A/ 



2v 1/2 



LPO 



v 

^ E 

fcGZ" 

|;|<A/ 



E 



\1\<M 



2. 1/2 



1/2 



LPO 



LPO 



\1\<M 



LP0(£2(N.-)) 



< ^ 2-1'=! {D,g} 



fcez" 
|;|<A/ 



LP0(£2(N..)) 



< 



1/2 



E \D,9? 



LPO 



^ IIsIIlpo ' 



where, in the last line, we have applied Theorem II 1.31 This completes the proof of the proposition. □ 
Define, 



7' = {pe(l,2]:3e>0, IIBfcl 



LP(£2(N''))-!.LP(£2(N"^)) 
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In light of Proposition 112. 3| the boundedness of A^{i,...,i/} will follow directly from the following 
proposition. 

Proposition 12.4. V = (1,2]. 

Proposition 112.41 in turn, follows directly from the next lemma. 
Lemma 12.5. • 2 e 



• IfqeV, then (^,2 



C P. 



It is easy to see that any subset of (1,2] satisfying the conclusions of Lemma [12.51 must equal (1,2]. 
The rest of this section is devoted to the proof of Lemma 112.51 which then completes the proof of 
Theorem [ 



Proof of Lemma \12.5\ That 2 follows directly from Theorem llO.il In fact, if £2 > is as in Theorem 
110.11 we have, 

||Sfc|li2(^2(iii,.))^2.2(^2(p}i.)) < 2 '^I'^l; (12-1) 
merely by interchanging the norms. Moreover, using that, 

we have, 

ll^fc|lLi(£i(N''))^Li(«i(N'')) — 1' 



also by interchanging the norms. Interpolating (|12.ip and (|12.2I) shows for 1 < p < 2, 

ll^fc|lLp(^p(N"))->LP(^p(N'0) ^ '' 



where tp = [2 - ^ j £2 > 0. 

Now suppose q eV. By Proposition ll2.3l A^{i ,,} is bounded on L'. We claim, 



1 1 Sfc 1 1 (£00 (pji- ) ) (£00 (fj,. ) ) 



< 1. 



(12.2) 
(12.3) 

(12.4) 



Before we verify (jl2.4p . recall the maximal functions M.^^ defined in Section |9l M.^ is bounded on 
LP (1 < p < 00), and by (|9.6p and the definition of Ajj^ , we have 



\A,J{x)\< 



where the product is taken in order of increasing /i. A similar result holds for Dj with E replaced by 
{1,...,4. 

We now turn to verifying (|12.4p . 



sup \BjDj+kfj 



L" £;C{1,. 

^ E 

EC{l,...,iy} 



sup \Aj^,Mjj,Dj+kfj 



L9 



Ml 



.M=l 



sup l/j 

J en- 



Li 



< 



sup l/jl 
iGN- 



Li 



In the last line, we have used our inductive hypothesis when E ^ {1, . . . , j^} and we used that 
is bounded on when E = {1, . . . , i^}. This completes the verification of (|12.4p . 

C v. Here, we have implicitly used 



Interpolating (fT2^ with (fT231) as p ^ 1 proves that (^,2 
the fact that (by interpolation) if r G T', then [r, 2] CP (since 2^7-"). 



□ 
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13 Proof of Theorem K2\ 

This section is devoted to proving Theorem 15.21 T : L^, 1 < p < oo. Since the class of operators 

covered in Theorem 15.21 is closed under adjoints (see Section 12.3 of |Strllb| ). it suffices to prove the 
result for 1 < p < 2. 

We decompose T = J^jeti'^ -^J Section [HI In what follows, Tj and Dj for j E \ are 

defined to be 0. For fci,fc2 G Z"^, define a new operator, acting on sequences of measurable functions 
{fj i^)}jeN- by 

Theorem 15.21 follows immediately from a combination of the following two propositions. 

Proposition 13.1. Fix po, 1 < po < oo. // there exists e > such that 

1177 , II < o-«(l'=il+l'=2|) 

II '*;i,*;2 llLPo(£2(N^))_^iPo(£2(N,.)) ^ ^ , 

then T is bounded on U'° . 

Proposition 13.2. For each p, 1 < p <2, there is an e ^ e{p) > such that, 



k2 \\LP(e^(N"))^LP{P{N-^)) 



< 2-«(l'=il + l'=2|)^ 



Proof of Provosition \13.1\ Fix poj 1 < Po < co- Take M — M (po) as in Theorem 111.11 We have, 
T — Tip-2 = T'i{;-2UmVm — TUmVm- Since Vm is bounded on L^", it suffices to show TUm is bounded 
on LP°. 

Consider, using Theorem II 1.31 



\TUmI\\l.. = U-2TUMf\\L.o 



1/2 



1/2 



^ \D,TUMf? 



LPO 



Thus, to complete the proof, it suffices to show. 



1/2 



J2 \D,TUMff 



< 
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We have, by the triangle inequahty, 



1/2 



J2 \D,TUMfY 



E 



|Z|<M 



2v 1/2 



E 

iGN- 



\1\<M 



2. 1/2 



< 



E 



|Z|<M 



1/2 



LPO 



E f^i'^^s {^J + fe2+i/} 



fcl,fc2GZ' 
|i|<M 



< ^ 2-^(l'=il+''=^l) {D,f} 



fel,fe2GZ' 
|i|<M 



LP0(£2(N'')) 



LPO (£2(1^")) 



< 



1/2 



E 

W-GN- 



< ll/l 



LPO I 



where, in the last line, we have applied Theorem lll.3l This completes the proof. 



□ 



Proof of Proposition \13.2\ We first prove the result for p = 2. In this case, the result follows immediately 
from Theorem 110.11 Indeed if 62 > is as in Theorem 110.11 we have, 



\\Tk1M2 \\L^{e^{m''))-^L^{e^{ti^)) 
merely by interchanging the norms. In addition, since. 



(13.1) 



we have, 



ll'^i:fe2llLi(£i(N''))->Li(£i(N'')) ^ 1; (13.2) 

also by interchanging the norms. Interpolating (|13.1I) and (|13.2p shows that for every p, 1 < p < 2, 

< 2~'^p(l'^il+l'=2|) 



||7fei,fc 



■2 IILP(£P(N''))-J-LP(«P(N'')) 



(13.3) 



where = ^1 - £2 > 0. 

We claim, for every p, 1 < p < 00, 

ll'^i,'£2 IIlp(£°°(n^))->lp(£~(N'')) ^ 1- (13.4) 
We use the maximal operators defined in Section [9] along with the maximal operator M from 
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Theorem 15.41 We have, 



sup %^,k2 {fj} 

j 



LP 



snp\DjTj+kiDj+k2fj 



LP 



< 



< 



sup|/j 
i 



M 



LP 



LP 



In the last hne, we used the boundedness of the various maximal functions. (|13.4p follows. 
Interpolating (|13.3p and (|13.4|) yields the result. 



□ 



14 More general kernels 

In the previous sections, we exhibited the proofs of Theorems 15.21 and 15.41 in the special case /iq = v. 
That is, in the case when A^g = [0, 1]". In this section, we describe the modifications necessary to prove 
the result for general /ig. At the end of the section we make some remarks about even more general sets 
A C [0, 1]" for which our methods apply. 
Fix /Lio, 1 < A^o < f^- Recall, 

^Mo = {-5 = [h. . . . , <5,) e [0, l]"- : < <---<6,}. 

Our decomposition of T now takes the form, 

je- iog2 A 

where 

- log2 A^iJeE" : G - {j e N"- : j^, > > • • • > j.} ; 

see Section [2] for more details. 

The proof in this case remains almost exactly the same, provided we make a few different choices 
when defining the auxiliary operators in Section[31 In the case when /io = we defined the vector fields 
with single parameter formal degrees (X^,c?^) so that, 

(,5^x^o^^) = (?x,^d), (14.1) 

where S € [0, 1]^ was 5^ in the fi coordinate and in every other coordinate. In the case when fiQ < fi, 
this choice no longer works. Instead, we choose {X^^, d^) so that (|14.ip holds where S is defined to be (5^ 
in the /i' coordinate, for every fi' > fi, and defined to be in the rest of the coordinates. The operators 
Aj and are defined with this choice of {X^, d^). 

For E C {1, . . . , z/}, js G NJ^ must be defined differently, so that 2^-'^ G A. For 1 < < /^o, we 
define, 




if fie E, 
oo otherwise. 



For II > fiQ, 'Vfe recursively define, 

.f, _ JiM if hEE, 

"^^ |min|cx),j^ ^| otherwise. 

One defines Ajj^, ^'Ijm ™ the same manner as before, but with this choice oi je- 

Now the proof goes through just as before. Whenever one uses Bj or Tj one must restrict attention 
to j G — log2 A. However, when one considers Dj, one allows j to range over j G N'^. 
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In fact, the above methods work for more general A C [0, if^ . For instance, just by changing e and 
a, studying the operators associated to 

A={6=iS,,...,d.)e [0, 1]'' : Sl7 < C^„+i<5>+^ < • • ■ < C'X" } , 

where &^ and are positive numbers, is equivalent to studying the operators associated to A^^ . See 
[Strllb] for the definition of the class of kernels K. for more general sets A. 
There were two main reasons that our methods applied to Af_ig . 

1. There was a natural choice of {X^, d^) for each /i. 

2. Given (5^ as above (for S ^ A), there was a natural ("minimal") choice d ^ A with 6f^ = (5^, 
V/i G E. 

There are, of course, many subsets A C [0,1]^ where no such natural choices can be made. There 
are more examples (which do satisfy the above in an appropriate way) which can be covered by our 
methods. However, we know of no simple general condition unifying these examples. Moreover, for all 
the applications we have in mind, A^g will suffice. We, therefore, say no more on this issue, here. 



15 Singular integrals not of Radon transform type 

The main point of Section [5] was that a single-parameter special case of the operators studied in this 
paper, fell under the general Calderon-Zygmund singular integral framework. The point of this section 
is to make a few remarks of the multi-parameter special case of our main theorems which is analogous to 
this single-parameter special case. The operators studied in this section can be considered as a prototype 
for a multi-parameter analog of parts of the Calderon-Zygmund theory. 

Remark 15.1. Often, when one hears of multi-parameter singular integrals, it is the product theory of 
singular integrals to which is being referred. See, e.g., jFefSll INS04] . The operators discussed in this 
section are not necessarily of product type. 

Suppose we are given i/ families of C°° vector fields with single-parameter formal degrees, (X^, d^) = 

(Xf, <),..., (x^^ , , 1 < M < We suppose that each (X^, d'^) satisfies V {Kq, [0, 1]). 

Let (Xi, c?i) , . . . , {Xr, dr) be the list of vector fields consisting of [x'^ , dj^ for every fi and j, where 

dj G [0, oo)'' is dj in the fi coordinate and in every other coordinate. 

Taking fiQ = i/ (i.e., A — [0, 1]''), we suppose {Xi, di) , . . . , {Xr, dr) generates a finite list {Xi, di) , . . . , {Xq, dq). 
We take N ^ q and define ^-parameter dilations on by, 

6{tl,...,tq)= {S^Hl,...S^Hq) , 

for 6 e [0, oo)". Define, 

7(ti,...,t,) = e'i^i+-+*'^'x. 

We consider operators, T, of the form covered in Theorem l5.2[ where K E ]C (q, d, a, v, v) for some small 
a > 0. It follows from the remarks in Section 17.1 of f Strllb) that all of the assumptions of Theorem 
15.21 are satisfied with the above choices. Hence, T is bounded on , 1 < p < oo. 
For K E JC {q, d, a, v, v) decompose K , 

where <jj is as in Definition [^TT] Corresponding to this decomposition of K, one obtains a decomposition 

ofr,r = E,wT^r , , 

Let Tj {x,y) denote the Schwartz kernel of Tj. It follows directly from Proposition 4.22 of [Strlla] 
that 



37 



• Tj {x, y) is supported on y e B(x,d) {x, 2 -J), 

• \Tjix,y)\<Yo\{B^xM){x,2-^)y\ 

In the one parameter situation, this is just the fact that a Calderon-Zygmund singular integral can be 
decomposed into dyadic scales in the usual way. Thus, the above is a prototype for a multi-parameter 
generalization of the usual dyadic decomposition of a single-parameter Calderon-Zygmund singular 
integral operator. 

Remark 15.2. In light of the above, T*Tj is no "smoother" than Tj. The reader used to the single 
parameter theory might then suspect that a T*T type iteration argument will not be helpful in our 
studies. However, this is not the case. Indeed, a T*T type iteration argument was essential to our proof 
(in Section [TOT|) . The idea is that when ji,j2 G N"^ and ji A j2 ^ ji,j2, T*^Tj^ is smoother 

than T*_^ Tj^ . 

We now turn to maximal functions. With all the same choices as above, we define A4 as in Theorem 
15.41 With ^1, ^2 as in Theorem 1 5. 4[ define a new maximal operator by, 

Mf {x) = sup {x) ■ , ^ , / 1/ {y) V'2 {y)\ dy. 

lS\<a' Vol [Bf^xM) [X, 0)) JB(x,a)(x,S) 

It follows directly from Proposition 4.22 of [Strllaj that J\Af [x) < Mf (x), provided a' > is sufficiently 
small. Hence, 7W is bounded on L'p , 1 < p < oo. This generalizes the maximal results of 'Strlla|. 

Reduction to Theorem l5.4l is not the only way to prove the boundedness of M. Indeed, for each 
/U, define the maximal operator, 

Mf,f{x)^ sup ipa {x) , — ^- — , ^ / |/(?/)V'o (y)| dy- 

0<S^<a" Vol [B^x^',d^') [X, 0^)) JB(xm .dM) (a;,<5f, ) 

It is shown in Section 6.2 of |Strlla| that is bounded on {1 < p < oo) for each /i. This proceeds 
in a similar manner to the methods in Section 18.21 by reduction to the classical Calderon-Zygmund 
theory. 

It can be shown that, 

M 



Mf{x) = (^Mi---M,) f{x), (15.1) 



for some large M (provided a' is sufficiently smaller than a"); and the boundedness of 7W follows. 
The proof of (|15.ip is somewhat lengthy and technical, and does not seem to yield Theorem 15.41 in the 
general case. We, therefore, say no more about this here. 

In this situation, we can develop a Littlewood-Paley square function of an appropriate type. While 
the operators Dj from Section IH] were sufficient to create a Littlewood-Paley square function to prove 
the LP boundedness of T, they are not of the same type as Tj~and therefore take us out of the class of 
operators we are discussing. 

Instead, one uses that the distribution Sq e K. {q, d, a, v, v) (Proposition 16.3 of |Strllb) ). Write, 



jew 



where is as in Definition 12.11 Define, 



D,f (X) = V^_2 (X) J f ht {X)) ^-2 {it {X)) 4"'^ {t) dt. 

Thus, '0-2 = X)j6N" ^j- '-'^^ '^^^ recreate the theory in Section [11] with Dj replaced by Dj, so long 
as one uses Theorem 15.21 instead of Theorem 18.21 throughout. We therefore obtain a Calderon-type 
"reproducing formula" and a Littlewood-Paley square function in terms of Dj. 
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16 Some comments on maximal operators 



There are a number of maximal operators in the hterature which are related to the one discussed in 
Theorem l5.4l The ones most closely related are those discussed in |Chr92j . where certain strong maximal 
functions on nilpotent Lie groups are discussed. Of course, our methods also apply to convolution 
operators on nilpotent groups. See Section 17.2 of [Strllbj . Our results can be used to study some of 
the maximal operators which were covered in |Chr92) . and we discuss this below. At the end of this 
section, we discuss the fact that not all of the maximal operators from IChr92j are covered by our results. 
Nevertheless, these maximal operators can be covered by the methods of this paper, and this will be 
taken up (and generalized) in }SSllb) . 

In what follows, we describe the connection between the results in this paper and the results in 
|Chr92| in the special case of the three dimensional Heisenberg group, H^. All of the comments that 
follow work more generally for, say, stratified nilpotent Lie groups, but we leave those details to the 
interested reader. As a manifold, = C x M, and we give it coordinates {z,t) = {x,y,t). A basis for 
the left invariant vector fields on is X — — 2ydy, Y = dy + 2xdt, T = dt- 

In [Chr92] . the following strong maximal function is considered. 



Mf (0 = sup 

i5l,i52,'53>0 J|(a;,i/,t)|<l 



^xSiX+vS.2Y+t&3T 



^) I dx dy dt. 



It is shown that M is bounded on L^, 1 < p < cx). We claim that this result follows from Theorem [531 
To do this, we show, 



MnHO^ sup / |/(e 

Ar>i5l,52,i53>0 J|(2;,y,t)|<l 



xSiX+yS-iY+tS^T 



^) I dx dy dt, 



is bounded on (1 < p < oo) with bound independent of N . 

Indeed, let V' ^ be a function which equals 1 on a neighborhood of 0. Define, 



sup V (C) 

l>(5i,(52,<53>0 



/ e 



xSiX+y52Y+tS3T 



\{x,y,t)\<a 



C)|V(e"'^''+^'=''+*'^^0 dxdydt, 



where a > is some small number. It is easy to verify that Theorem 15.41 applies (see Section 17.2 of 
[Strllbj ). Thus is bounded on L^. Note, for / with small support near 0, we trivially have. 



for every ^. 

Now consider the one-parameter dilations on given by. 



'r{x,y,t) {rx,ry,r'^t) 



(16.1) 



for r E (0, oo). Define, for 1 < p < oo. 



/(O. (^) ^ r^Pf (rO 



so that 



fir). 



LP 



I/IIlp- 



It is easy to see that. 



MnI- 



Fix f E LP with compact support. Taking r so large N/r < a, and f^-^^p has small support, we see, 

I/IIl.- 





LP 




< 

LP ^ 


Mf'^^'^p 


< 

LP ^ 


fir). 



LP 



Thus, we have. 



MnI 



< 



LP 



I LP ' 
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for every / with compact support. A limiting argument completes the proof. 

There is another approach which can be used to prove the boundedness of 7W. Namely, one could 
simply recreate the entire proof in this paper, without using cutoff functions, and instead of restricting 
to (5 G [0, 1]"^, one allows 5 e [0, cxd)''. It is easy to see that, in this special case, all of our methods 
go through. This is due to the fact that one has global one-parameter dilations, (|16.ip . on which 
respect each aspect of our proof. _ 

The proof method for the boundedness of M in |Chr92j is closely related to the proof in this 
paper. One main difference is that (for certain maximal operators more general than M), |Chr92| uses 
transference methods to lift the problem to a higher dimensional maximal function. This allows jChr92| 
to deal with certain maximal functions on nilpotent groups which are not directly applicable by our 
methods. 

It turns out that all of the maximal operators covered in |Chr92] can be covered by our methods, 
with some modifications. This will be discussed in |SSllb| . where (among other things) the results of 
|Chr92] will be generalized. 

To understand where Theorem 15.41 falls short, consider the function 7 : x M — > M given by 
7s, t {x) — X — st. It is easy to see, using the methods of Section 17.5 of [Strllbj that there is a product 
kernel K (s, t) £ K. (2, ((1, 0) , (0, 1)) , a, 2, 2) supported on (a) (with a as smah as we like) such that 
the corresponding singular Radon transform (as in Theorem 15.11) is not bounded on . This fact was 
first noted in |NW77| . 

However, if '0 G C^, ip > 0, is supported sufficiently close to 0, the maximal function, 

Mf{x)^ sup ^p{x) / \f {jSis,S2t{x))\ ds dt, 

0<(5i,(52<a J 

is bounded on (R) (1 < p < 00), for a > sufficiently small. Thus, in an ideal world. Theorem 15.41 
would be generalized to apply to this choice of 7 (and other, more complicated!^ 7 like it). However, 
since we used the same class of 7 for Theorem 15.11 and Theorem 15. 4[ and Theorem 15.11 fails for this 
choice of 7, our methods need to be modified to attack this sort of example. 

In fact, it is possible to modify our methods in a natural way to deal with cases the same type as 
this choice of 7. This will be discussed in detail in [S Sllbj . The reason we have not done so here, is that 
in order to include 7 in the class of functions we study, we will need to strengthen other aspects of our 
assumptions in a few technical ways. Thus, the maximal theorem proven in [SSllb l will not be strictly 
stronger than the one in this paper. This is an issue, since the proof of Theorem 15 . 2 1 used Theorem [531 
Thus, we would end up weakening Theorem 15.21 if we attempted to modify Theorem 15.41 See Remark 
15.61 for further details on the sort of maximal results we will prove in [SSllbj . 
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